THE 


PRINCIPLES  AND  APPLICATION 

OF 

usa&GUiEtiiror  whotikphtoo 

BOOK  II; 

DERIVED  FROM 

A  PARTICULAR  CASE 

.  OF 

functional  projections : 

BEING  THE  SECOND  OF  A  SERIES  OF 

ORIGINAL  TRACTS 

ON  VARIOUS  PARTS  OF  THE  MATHEMATICS. 
By  BENJAMIN  GOMPERTZ,  Esq. 


LONDON: 

6>rinnific  press ; 

PRINTED  AND  PUBLISHED  FOR  THE  AUTHOR, 

By  DAVIS  and  DICKSON,  Mathematical  and  Philosophical  Booksellers;, 
No.  17,  St.  Martin’ s-le-Grand,  Newgate  Street,  Cheapside  ; 

And  sold  by  Deighton  and  Son,  Cambridge;  Parker,  Oxford;  Blackwood,  Edinburgh  ; 
Archer,  Dublin ;  and  all  other  Booksellers  in  Town  and  Country. 


1818. 


,  i  k. 


TJT(  Vlr11  t *  * 

Vi  v  i 


•  T^T  A 


1 3  *  t 

CT  ,jJ .  i. 


'j/iqfl 

/  Fa  £  i  t  JL 


f  ' 


£ 1 


Ai-V  L: 


MU  / 


or 


■  />  ■  ’  ,  ■  '-v^f  A  *'V-  TA/ 

.  Ai  .  :.  iUzt  i.”  :  *  -»  -  '■  *’ 

/I 


/■  -< 


j 


,  T  3 

<*  1  f 


*d. 


v.v>;;  ;•  ■■  .•;  v. .  •.  /» vt  ’v 


lO 


entered  at  fetattoneta’  $atf* 


•  ■  ■  v  '$$  .  :*rFitv  x 


■ 


Ai  t 


If-  r- 


<  \  J'  .  L  C  J.  -  .  •  f  .  v  7 


."’  . - 

(v.  -  ••  ■  i  •  O.V  V  1  i..  V. 


XO;  U 


[  M 


*  r  *>  <  '  ‘  >  X 

\  ■  ;  .  t 

.  *'f  V  ‘  'A 

'  <  i  •v-um'j'i  ■ ; 


.*»  ".’  \  •  5 


;  1. 


i*  i  ii  t  ** 


.V  \  i  .<1.  .. 

,  f  f  M 

*:  .A)  h 


•s 


To  EPHRAIM  GOMPERTZ,  Esq. 


My  dear  Brother, 

I  FEEL  pleasure  in  inscribing  this  Tract  to  you , 
arising  from  various  sources,  but  from  which  I  shall  only  particularize — 
the  gratifying  recollection  of  the  time  in  which,  free  from  occupations 
inimical  to  the  sciences ,  we  endeavoured,  and  believed  ourselves  successful 
in  the  attempt ,  to  reap  reciprocal  benefit  from  the  comparison  of  our 
separate  ideas, — your  ivish  that  these  Essays  should  be  published,— and 
my  own  inclination  to  convince  you  that  I  esteem  the  results  of  your 
judgment. 

Your's,  <SfC. 


Benjamin  Gompertz. 


I 


r  tT£ 


.  ILK 


T 


cl  ir a; 


/  K 


v  V 


\ 

v  •  ?  ■ .  <c  •  n 


ADDITIONAL  ERRATA  TO  BOOK  I. 

Page  16,  line  8,  for  1  read  3.  Page  17>  line  4,  for  — ^ / g— f — §p  read 
Page  18,  line  8,  for  — *1  read  v/ f — f.  Page  22,  line  5,  for  hyp.  log.  of 

*/.7zL  read  hyP;  l°g«  °f  s/~— 1 .  page  26,  line  15,  for  76  read  72. 
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INTRODUCTION. 


Art.  1.  An  algebraic  expression,  in  which  any  letter,  a?  for  instance, 
is  concerned,  is  said  to  be  a  function  of  x :  thus,  a — x ,  a+x,  ax+bx\ 
&c.  are  all  said  to  be  functions  of  a?.  Any  expression  made 
up  of  two  or  more  letters  may,  in  like  manner,  be  said  to  be  a  function 
of  any  or  all  of  those  letters ;  thus,  vAiax+x4  may  be  said  to  be  a 
function  of  x,  or  a  function  of  a  and  x. 

Art.  2.  In  the  application  of  algebra  to  geometry,  suppose  the  points 
A,  C,  B,  to  be  in  a  right  line,  and  suppose  AC=a;,  BC =a, 
and  conceive  the  right  line  BD  [jFVgvl],  by  some  pro¬ 
perty  proposed  in  the  inquiry,  to  be  expressible  in  terms 
of  AB,  that  is,  in  terms  of  a+x;  then  may  BD  be  said 
to  be  a  function  of  a+x,  or  it  may  be  said  to  be  a 
function  of  x,  or  a  function  of  a;  but  unless  a  and  x  are  functions  of 
each  other,  calling  such  an  expression  only  a  function  of  one  of  these 
quantities  would  only  be  proper,  under  the  idea  of  our  meaning  simply 
to  draw  the  attention  to  the  manner  in  which  the  said  quantity  enters 
in  the  expression.  The  same  is  to  be  noticed  with  regard  to  Art.  1. 

Art.  3.  If  there  are  two  expressions  or  functions,  one  in  which  y  is 
concerned  without  x,  and  the  other  in  which  x  is  concerned  without  y  ; 
and  if  the  former,  by  writing  x  in  the  room  of  y,  becomes  identical  with 
the  latter,  then  is  the  former  said  to  be  the  same  function  of  y  as  the 
latter  is  of  x,  or  the  former  may  be  said  to  be  a  function  of  the  same 
character  with  regard  to  y,  that  the  latter  is  with  regard  to  x;  thus,  for 
instance,  y/Qay+y'\  is  the  same  function  of  y  that  v/W+x4!  is  of  x ;  and 
we  would  also  say,  that  y/tay+y*\  is  the  same  function  of  a  and  y  as 
y/zbx+x*]  is  of  b  and  x:  and  here  we  must  be  careful  not  to  transpose; 
for  instance,  not  to  say  y/zay+y*  is  the  same  function  of  a  and  y,  that 
v/2 fcx  +  x4  is  of  x  and  b. 

Art.  4.  Returning  to  the  example  of  the  application  of  algebra  to 
geometry  (Art.  2),  in  which  BD  is  supposed  expressible  by  BC,  wC 
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observe  that,  if  the  point  C  [Fig.  2],  instead  of  being 
T)  taken  at  the  same  side  of  A  that  B  lies,  as  in  Art.  2,  we 
take  it  on  the  contrary  side ;  AB,  instead  of  being  —a+xy 
as  in  that  Art.,  will  be  —ci — x;  and  other  things  re¬ 
maining  as  before,  BD  will  now  be  the  same  function  of 
to — x  as  it  was  in  Art.  2  of  ci+x ;  or,  if  we  are  only  anxious  to  particu¬ 
larise  the  function  with  regard  to  the  manner  in  which  x  enters,  we  say 
BD,  in  this  Article,  is  the  same  function  of  — x.  that  BD,  in  Art  2,  is 
of  x  ;  and  consequently  we  see,  that  if  x ,  in  the  solution  of  a  geometri¬ 
cal  problem,  had  been  put  for  a  line  tending  in  a  certain  direction  from 
a  point,  and  x  comes  out  negative,  it  is  sufficient,  to  give  significance  to 
the  solution,  to  consider  the  line  to  tend  from  the  said  point  in  the  con¬ 
trary  direction  to  that  assumed  in  the  solution  ;  and  that  it  is  not  at  all 
requisite  to  go  through  anew  solution  under  that  change,  as  the  effect 
is  evident  without. 

Art.  5.  From  the  explanation  of  the  use  of  negative  roots  in  the  ap¬ 
plication  of  algebra  to  geometry,  curiosity  leads  us  to  the  inquiry, 
whether  or  not  imaginary  roots  can  have  also  a  meaning  in  geometri¬ 
cal  researches ;  and  our  Dr.  Wallace,  to  whom  analysis  is  much  in¬ 
debted,  in  his  Algebra  has  many,  attempts  to  explain  the  meaning  the 
imaginary  roots  may  have  in  the  application  of  algebra  to  geometry. 
Among  other  places,  he  says,  p.  268,  “So  that,  whereas,  incase  of 
“  negative  roots,  we  are  to  say  that  the  point  B  cannot  be  found,  so  as  is 
4<  supposed,  in  AC  forward,  but  backward  from  A  it  may  in  the  same 
“  line  ;  we  must  here  say,  in  the  case  of  a  negative  square,  the  point  B 
“  cannot  be  found,  so  as  was  supposed,  in  the  line  AC,  but  above  that  line 
“  it  may,  in  the  same  plane.  This  I  have  the  more  largely  insisted  on, 
4<  because  the  notion,  I  think,  is  new,  &c.”  There  is,  in  my  opinion, 
much  ingenuity  in  this  observation,  though  I  do  not  think  it  correct. 
If  a  problem  requires  the  position  of  a  point,  it  is  not  at  all  unlikely 
that,  in  attempting  a  solution  of  the  problem,  we  might  have  presumed 
the  point  to  be  situate  in  a  line  where  it  cannot  be,  notwithstanding 
the  question  might  in  itself  be  possible ;  and  in  that  case,  provided  the 
resulting  equation  rests  upon  that  presumption,  the  said  equation  ought 
to  indicate  the  impossibility  of  the  presumption  ;  and  from  this  we  at 
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least  learn  that  we  are  not  to  consider  a  problem  to  be  impossible  from 
the  bare  knowledge  of  all  the  roots  of  the  resulting  equation  being  im¬ 
possible,  till  we  have  shewn  that  we  have  not  limited  the  question  in  our 
attempts  by  our  presumption ;  and,  whatever  we  may  determine  on 
Dr.  Wallace’s  ideas,  it  must  be  granted  that  it  would  be  a  brilliant  dis¬ 
covery,  coukbthe  roots  of  a  resulting  equation,  under  any  limitation  6f 
presumption  in  the  investigation,  be  shewn  to  lead,  at  once,  either  to 
the  solution  of  the  problem  or  to  a  demonstration  of  the  impossibility 
of  it.  If  a  point  sought  is  to  be  in  a  certain  right  line,  though 
we  may  have  presumed  that  the  required  point:  (see  Art.  4)  is  on  the 
wrong  side  of  a  certain  given  point,  which  is  the  origin  of  the  magni¬ 
tude  represented  by  the  unknown  quantity,  a  negative  value  of  the 
unknown  quantity  may  correct  the  hypothesis ;  still  it  may  happen, 
notwithstanding  all  the  roots  of  the  equation  under  consideration  are 
impossible,  that  the  question. may  be  possible,  and  that  the  point  may 
be  really  found  in  the  said  right  line ;  and.  from  this  we  might  expect, 
in  case  the  impossible  roots  of  an  equation  could  be  rendered  use¬ 
ful  in  determining  the  position  of  a  point  required  by  the  question,  as 
the  learned  Dr.  Wallace  suspected,  that  there  is  no  reason  for  expecting, 
as  lie  did,  that  such  roots  particularly  direct  the  point  to  be  taken  out 
of  the  line  in  which  the  solution  presumed  it.  That  my  meaning  may 
be  perfectly  comprehended,  it  may  be  expedient  to  consider  what  now 
follows. 

-  Art.  6.  Let  it  be  required  to  find  a  point  C  in  the  same  line  with  two 
given  points  AB,  so  that  the  rectangle  AC.BC  may  the  distance 
AB  being  —a.  Now,  if  the  point  C  be  presumed  between  A  and  B, 
and  AC  be  put  —x,  we  shall  have  BC=:« — ,v,  and  consequently 
a,v — and  therefore  x^a^^/ia2—  bz,  which  will  be  impossible 
when  b2  is  greater  than  ;  notwithstanding  which  the  question  is  not 
impossible,  for  if  the  points  be  taken  in  the  order  A,  B,  C,  and  AC  be  again, 
put  =.r,  we  shall  have  the  equation  ax+x2=b\  and  xzz — 
and  the  two  roots  which  this  gives  are  always  possible,  and  the  positive  and 
negative  roots  both  answer  the  conditions  of  the  question,  the  negative 
root  giving  the  order  of  the  points  C,  A,  B,  contrary  to  the  presumption 
in  the  solution  :  and  this  remark  is  by  no  means  new.  If  b2  be  less  thaa 
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then  we  have  four  real  answers  to  the  question ;  but,  in  order  to 
obtain  these  by  the  common  rules  of  algebra,  we  are  obliged  to  solve 
the  question  by  two  different  methods.  Whilst  some  questions  require 
two  or  more  different  solutions  to  arrive  at  all  the  answers,  there  are 
others  of  which  there  are  roots  to  the  resulting  equation  of  which 
the  question  will  not  admit  ;  as,  if  the  question  required  a  certain  addi¬ 
tion,  and  some  of  the  roots  of  the  equation  were,  in  consequence  of  their 
coming  o;ut  negative,  to  convert  the  operation  into  a  subtraction ;  or, 
if  the  question  in  any  way  limited  the  magnitude  of  a  line  in.  a  manner 
Hot  determinable  from  the  equation,  &c. 

Art.  7.  An  attempt  tb  explain  the  use  of  imaginary  quantities  in  geo¬ 
metry,  very '  similar  to  that  of  Dr.  Wallace,  ;is  one  of  a  very  ingenious 
gentlerhan,  Monsieur  FAbb6  Bu6e,  in  the  Philosophical  Transactions  for 
the  Year  1806,  a  work  which  I  read  when  it  was  first  published,  and, 
being  then  unacquainted!  with  what  Dr;  Wallace  had  written  on  the 
subject,  I  conceived  the  paper  well  worth  serious  attention  ;  and  though 
I  have  not  been  able  to  coincide  with  that  very  ingenious  gentleman’s 
ideas,  I  atn  anxious  to  say  that  I  owe  many  of  my  observations  in  the 
present  book- to  my  endeavours  to ;  follow  the  idea  contained  in  that 
work.  The  Abb6  considers,  as  did  Dr.  Wallace  before  him,  a 

mean  proportion  between  +1  and  — 1 ;  and  conceiving  that  if  a  line  in 
any  one  direction  be  represented  1,  that  an  equal  line  in  the  contrary 
direction  will  be  represented  by  —1.  Moreover,  that  in  a  circle  ACFD 
[\Figv3],  if  AD  be  a  diameter,  and  FE  a  right  line  cut- 
ting  the  circle  in  F  and  the  diameter  AD  in  E,  perpeh- 
K  dicular  to  AD,  we  have  FE^v/AkTed,  it  follows  that 
\  if  BC  be  perpendicular  to  AD,  and  pass  through  the 

centre  B,  we  shall  have  BC^v/ABxBD.  The  Abb6 
-concludes,  that,  if  BD^l,  AB  being  = — 1,  BC  will  be  equal  to 
v/ 1  y  — V/-TT\  BC  being  1  in  magnitude,  and  from  thence  that 

il  is  the  sign  of  perpendicularity.  I  am  willing  to  confess  that 
this  argument  by  no  means  appears  to  me  to  carry  evidence  with  it,  or 
even  any  thing  in  the  shape  of  evidence ;  still  the  object  seems  to  be 
ingenious,  and  the  use  made  of  it  worthy  of  consideration  ;  and  I  shall, 
in  consequence,  now  treat  on  the  application  made  of  this  by  our  author, 
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to  explain  the  meaning  of  the  imaginary  root  of  the  equation  'in  Art.  6 
taking*  place  when  bz  is  greater  thrm  ;  anrl  as  x  is  found 
\Z^—bzy  we  may  write  it  ate %a+j/ b"~  iri*) x V^-i ;  and  Nve  are,  ift  Coti- 
sequenee  of  the  idea  of  the  author  [Fig\  4],  to  take  5  :  . 

AD=itf  in  the  right  line  AU,  and  then  to  erect  DC  per¬ 
pendicular  to  it  and  equal  to  </b%—laz,  to  join  AC,  BC, 
and  to  have  the  rectangle  AC  .  IJG=/)1,  which  is  true  ;  A.  » 
and,  to  use  the  expression  of  Dr.  Wallace,  we  have  aj  0  mj  ai 
solution  to  the  question  proposed  in  Art.  6,  by  allowing  &  niifigation, 
which  mitigation  is  only  leaving  out  the  limitation  that  €  imvst  be ’in 
the  same  right  line  with  AB.;  Here  I  iremark,  that  one  and  the  same 
equation  may  result  from  various  questions  ;  that  it  would  be  easy  to 
propose  questions  to  which  any  proposed  equation  mafy  be  the  resulting 
equation,  and  such  that  >the  imaginary  roots  would  give  solutions  if 


explained  in  the  above  manner ;  but  other  questions  plight  bO  proposed 
to  which  the  same  equation  would  result  where  such  an  explication 
W'ould  bring  out  a  false  conclusion ;  and  this  I  think  a  sufficient  plea  to 
reject  it.  1  might  likewise  add,  that  the  question  in  Art.  6,  with  the 
mitigation  here  proposed,  would  be  unlimited,  and  that  therefore  a  so¬ 
lution  which  limits  it  cannot  be  what  is  sought  after.  The  learned 
author’s  idea  seems  to, me,  though  not  declared,  to  be  that  a  line  in.one 
direction  may  be  expressed  by  a  certain  function  of  an  equal  line  in 
another  direction  ;  that  if  the  first  line  be  represented  by  d,  that  the 
line  in  the  opposite  direction  would  be  represented  by  — a;  and  if,  for 
instance,  we  represent  BD  [Fig.  3]  by  a,  and  BC  by  such  a  function  of 
a  as  is  denoted  by  ma,  m  being  a  given  quantity,  that,  in  consequence 
of  similar  positions,  AB  would  be  the  same  function  of  BC  that  BC  is 
of  BD,  and  consequently  AB=m.BC=m*.BD  ;  but  AB  is  said  to  be 
equal  to  — a,  and  BD=«,  and  therefore  m2= — 1,  or  m—  </=h  whence 
B C=^/—i.a.  The  Reader  must  not  forget  that  we  have  begged  the 
question  in  supposing  that  the  required  function  which  BC  is  of  BD 
was  necessarily  expressed  by  ma,  and  that  such  a  solution  is  not  to  be 


trusted  to.  Notwithstanding  this,  I  have,  in  consequence  of  this 
theory,  been  led  to  consider  the  application  of  */— T  in  geometry  more 
minutely,  and  have  fallen  on  the  idea  to  consider  it  as  resulting  from 
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a  particular  case  of functional  projection ;  and,  to  prepare  the  Reader's 
mind  for  this  notion,  I  shall,  observe,  that  projections  have  been  used 
for  various  purposes  in  rhatbematics,  and  that,  when  pictures  of  real 
objects  are  drawn,  according  to  the  rules  of  perspective,  upon  a  plane, 
the  distances  of  the  pictures  of  the  different  objects  from  each  other 
will  be  certain  functions  of  the  distances  of  the  different  real  objects ; 
and  in  many  cases,  from  the  position  of  the  pictures  we  may  determine 
the  position  of  the  objects  themselves  with  advantage.  Instances  of  this- 
are  not  uncommon  in  the  use  of  the  different  projections  of  the  sphere, 
and,  from  what  we  have  already  said  of  functions,  the  Reader  will  see  that 
the  determination  of  the  points  in  the  picture  which  are  the  representa¬ 
tions  of  real  points  without,,  is  only  the  determination  of  different  points 
in  a  plane,  whose  distances  from  certain  given  points  in  the  same  plane 
are  expressible  by  certain  functions  of  certain  data.  If  [Fig.  5]  E  be  the 
eye,  EB  the  principal  ray  cutting  the  picture  in  B,  BC  a  line  in  the  plane 

of  the  picture,  D  the  object  in  the  plane  of  EBC, 
whose  representation  is  required,  DC  a  right  line 
perp.  BC,  cutting  it  in  C ;  let  ED  joined  cut  BC  in 
D  P,  then  it  is  plain  and  well  known  that  P  will  be  the 
representation  to  the  eye  at  E  of  the  point  D,  and 
PC  the  representation  of  CD,  which  is  perpendicular  to  CP ;  and  thus, 
without  going  into  any  metaphysical  ideas,  are  we  reminded  that  a  point 
in  a  right  line  may  be  the  representation  of  a  point  out  of  it ;  and  if  EB 

£ib 

DC=a\  and  CB=6,  we  have  BP= - ;  that  is,  BP  is  a  function  of 

5  ;  a+x 

ab 

DC  or  x}  which  is  represented  by - ;  and  if,  instead  of  projecting  by 

(t  -J-  x 

right  lines,  of  which  EPD  is  one,  we  had  projected  by  curve  lines,  we 
should  then  have  had  DP  a  different  function  of  DC  ;  and  thus  the 
Reader  may  understand  the  notion  of  functional  projection,  a  term 
which  I  here  venture  to  introduce  into  mathematics.  Mercator’s 
projection  of  maps  is  another  particular  case  of  functional  projection, 
as  is  the  Globular  projection,  or  any  other  projection  projected  accords 
ing  to  a  particular  function. 
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if  r  be  a  'point  out  of  a  right  line  AB,  and  Q 
be  a  given  point  therein,  and  the  angle  AQP  V 

be  likewise  given,  then  if  Pf  be  taken  in  the  - _ - — _ , 

right  line  with  A  and  B,  so  that  QP'  may 

be  a  given  function  of  QP,  then  shall  AP'  be  a  determinable  function 
of  AP  and  angle  A  [Fig.  6f 

-  •  °  J  :  .j. 

For  PQ  is  a  determinable  function  of  (AP,  angle  A,  and  angle  Q), 
or,  the  angle  Q  being  given,  a  determinable  function  of  AP  and  the 
angle  A  j  but  QP'  is  a  given  function  of  QP;  it  is,  therefore,  a  deter¬ 
minable  function  of  AP  and  the  angle  A.  Again,  AQ  being  a  deter¬ 
minable  function  of  AP  and  the  angles  A  and  Q,  or  the  angle  Q  being 
given,  a  determinable  function  of  AP  and  the  angle  A  ;  consequently 
AP  is  a  determinable  function  of  AP  and  the  angle  A,  it  being  the  sum 
of  two  determinable  functions  of  AP  and  the  angle  A,  of  which  the  one 
is  AQ  and  the  other  QP.  Q.E.D. 

Corollary  1.  BP' is  the  same  function  of  PB  and  the  ansie  B,  that 
AP  is  of  AP  and  the  angle  A. 

Definition  1.  P  is  said  to  be  the  representation  of  P. 

Definition  2.  If  the  angle  SRS'=  the  angle  PQP',  RS' the  same 
function  of  RS  that  P'Q  is  of  PQ,  then  is  S'  said  to  be  a  similar  repre¬ 
sentation  of  S  in  R'S'  that  P  is  of  P  in  QP,  and  vice  versd. 
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Corollary  2. — Wherever  A  and  B  be  taken  in  the  right  line  AB,  BS'  is 
the  same  function  of  BS  and  the  angle  SBS',  that  AP'  is  of  AP  and  the 
angle  A.  _  JJ  '  U),.  ; 

Definition  3. — BS'  is  said  to  be  the  measure  of  BS,  and  AP'  the  mea¬ 
sure  of  AP  in  the  right  line  AB ;  and  the  character  of  the  function  of 
PQ,  which  is  the  value  of  PQ,  is  said  to  be  the  character  of  that  mea¬ 
sure,  Q  being  a  given  or  constant  angle ;  and  that  character  is  likewise 
said  to  be  the  character  of  representation. 

Corollary  3. — The  measure  of  AP,  on  the  line  AB,  is  equal  to  AB 
added  to  the  measure  of  PB  on  that  line,  if  both  measures  have  the 
same  character. 

Definition  4. — D'P',  or  its  equal,  is  said  to  be  the  directional  magni¬ 
tude  of  DP,  with  respect  to  the  right  line  AB,  if  D'  and  P'  be  similar 
representations  of  D  and  P  in  AB. 

Art.  2.  Illustration. — Suppose  PQ  perpendicular  AQ  [Fig.  7],  and 
QP=a.QP  (a  being  a  given  quantity),  PQ=AP.F  (angle  PAQ),  and 

AQ=AP./  (angle  PAQ),  F  and  /  being  the  cha¬ 
racteristics  of  given,  or  at  least  determinable, 
functions  ;  then  shall  AP'rrAP. /(angle  PAQ)-f- 
a.AP.F  (angle  PAQ).  This  may  be  represented  by 
AP.cp  (angle  PAQ),  in  which  0  stands  for  the 
characteristic  of  a  function,  which,  because  a  is  given,  is  itself  deter- 
minable.  Let  G  be  some  other  point  in  the  plane  PAQ,  and  P'  the 
similar  representation,  in  the  right  line  AQP'  of  G,  that  it  is  of  P ; 
then,  by  definition  and  notation,  AP'=AG.<p  (angle  GAQ).  Draw  PK 
parallel  to  AQ,  cutting  the  right  line  AG  in  K ;  draw,  likewise,  Gn , 
Cm  perpendicular  to  PK,  PA,  cutting  them  in  n  and  m.  Also  demit  KS 
perpendicular  AQ,  cutting  it  in  S  ;  and  let  K'  be  the  similar  representa¬ 
tion  of  Kin  AQ  that  P'  is  of  P ;  that  is,  let  SK'=a.KS  (=a.PQ=)  QP', 
because  PQ=KS ;  therefore  SQ,  or  its  equal  KP,  is=K'P';  but,  by 
hypothesis  and  Corollary  2,  AP'  is  =AG.<p  (angle  GAQ)  =GK<j> 
(angle  GKP)  +  KA.<?>  (angle  KAS) ;  but,  by  definition,  AK'=AK.<p  angle 
KAS;  therefore  AP'=GK  (<pGKP)+AK,  therefore  K'F,  or  its  equal 


<? 


E'uj? 

<A  8  < 

i  K'P* 
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KP,  is  =  GK.<p  (angle  GKP) ;  and  consequently,  by  definition,  P  is  a 
similar  representation  of  G  in  the  right  line  KP,  that  P'  is  of  P  in  the 
right  line  AQ,  and  therefore  P«=a.Gm.  Now,  if  it  were  further  re¬ 
quired  that  P  should  likewise  be  the  similar  representation  of  G  in  AP, 
we  should  have  nV^a. Gw,  and  consequently  (GP*=)  Gma4-a\Gw*= 
G»*+a\G»‘,  that  is,  7+  a z.  Gw*  =  I  +  a\Gn\  This  equation  is  arithme¬ 
tically  impossible,  unless  Gw*  be  equal  to  Gw1,  because  the  factor  1+a? 
cannot  be  equal  to  0 ;  but  if  we  imagine  that  1  +a*  can  be  equal  to  0, 
then  we  might  imagine  that  the  equation  could  subsist  for  all  the  values 
of  Gw  and  Gn ,  and,  the  requisite  of  1  being  =0,  is,  that 
1  his  assumption,  notwithstanding  its  impossibility,  affords  curious  analy¬ 
tical  inferences;  and  though,  arithmetically,  the  assumption  may  appear 
to  have  no  meaning,  I  trust  I  shall  be  able  to  shew  both  its  use  in  geome¬ 
try  and  its  meaning  in  arithmetic.  The  representation  which  this  gives  is 
not  real  but  imaginary  :  the  character  of  this  imaginary  representation 
is,  that  PQP'  being  a  right  angle,  and  P'  the  representation  of  P,  that 
QP'  is  always  I.QP;  and,  from  the  above  consideration,  if  G 

has  likewise  its  similar  representation  in  A Q  at  the  same  point  P',  P  will 
be  the  similar  representation  of  G  in  the  line  AP  ;  it  likewise  follows 
that  AP/=AP.0(ZPAF),  and  =AGcp(Z  GAQ),  and  also  that  AP= 
AGcp(ZGAP),  <p  being  the  same  functional  characteristic  throughout. 
Here  the  representation  in  AQ,  whether  considered  the  result  of  suc¬ 
cessive  or  of  immediate  representation,  is  the  same  point  P,  whatever 
the  lines  may  be  through  which  the  successive  representations  are 
carried. 

Corollary : — The  directional  magnitude  of  any  right  line  (in  this  re¬ 
presentation)  with  respect  to  two  right  lines  parallel  to  each  other,  arc 
equal.  For  KP  [Fig.  7]  is  the  directional  magnitude  of  GK  with 
regard  to  the  right  line  passing  through  K  and  P,  and  K'P'  is  the  di¬ 
rectional  magnitude  of  GK  with  regard  to  AQ,  which  is  parallel  to  KP5 
and  KP  is  =K'P'. 


ON  IMAGINARY  QUANTITIES. 


u 


Art.  3.  And  so  [Fig.  8]  if  HA  be  perpendicular  AP',  and  we  divide 

the  angle  HAP'  into  any  number  of  equal  parts  or 
angles  HAI,  IAG,  GAP,  PAP',  by  means  of  the 
right  lines  AI,  AG,  AP;  and  P'  (whose  place  is  ima¬ 
ginary),  be  the  representation  of  the  last  mentioned 
character  of  P,  G,  I,  H  in  the  line  AP',  we  shall 
have  AP'=AP.<p(zPAP'),  AP=AG.$(Z  GAP)  = 
AG.cp(ZPAP')  AG=AI.<p(ZlAG)=AI.<p(ZPAP')  &c. ;  therefore  AP'= 
AP.<P(/PAP')  =  AG.(<P(ZPAP'))2  =  AI.(p(zPAP'))3  =  &c.  ;  and  there- 

Z  H  \P 

fore  if  n  were  a  whole  number  and  the  angle  PAP'  = -  ,  zHAP  be- 

Kb 


ing  a  right  angle,  we  should  have  AP'—AH.^T)2,  and  also  — . 

i_  £ 

AH .?>(/  PAP)P ;  therefore  ?>(Z  PAP)= — h2”,  and  therefore  AP'= AP .  — h"" 

—  — 

=AG.^P2"=AI.^P2',=  &c.;  and  if  the  angle  WAP'=mx angle  PAP', 


©r,  which  is  the  same  thing,  angle  HAP',  n  and  in  being  whole  num- 
1  n 

bers,  and  P'  be  still  the  similar  representation  of  W  as  of  P,  we  shall 

_w  /WAP' 

have  AP'= AW  .^P2”=  AW  .  ^7)  2  ,  the  angle  HAP'  being  denoted 

by  unity,  or  equal  to  AW— il^  ,  if  the  angle  HAP  be  denoted  by 
§,  or  twice  the  angle  HAP',  that  is,  two  right  angles  be  denoted  by 
unity,  whether  WAP'  be  a  divisor  of  HAP'  or  not;  and  because  we 
shall  have  HA  in  the  same  position  if  the  angle  P  API  be  taken  =  ]  +4x 
right  angles,  ^  being  either  0  or  a  whole  number  positive  or  ne- 

°  °  °  _ /WAV' 

gative,  therefore  AP'  will  be  equal  to  AW .  — l]  ,  if  2  +  8x  right 

angles  be  denoted  by  unity,  nt  being  either  0  or  a  whole  number  positive 
or  negative. 

[Fig,  9.]  Still  reserving  the  same  character  of  representation,  if  P'  b.e 
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the  representation  of  P  in  the  right  line  AB,  then 
AP7  being  —  AB  +  BP',  it  follows  that,  if  two  right 
angles  be  denoted  by  unity,  the  angle  PAB  by  n, 
and  the  angle  PBP'  by  m  (since  AP'=AP .  HT)*,  and 
BP'  =  BP  .  iP*),  we  have  (AP'  =)  AP .  ZTjp  = 

AB+^?T.  PB,  a  remarkable  and  useful  'property.  As  an  example  of 
the  truth  and  use  of  this  property,  let  us  suppose  that  the  angle  B, 
which  is  represented  by  m,  is  a  right  angle,  and  that  two  right  angles 
be  denoted  by  unity,  that  is,  take  m—~  j  consequently  (AP/=)AP.^— h" 
=AB+HTi^.  PB.  Now,  let  the  angle  n—4;50,  that  is,  let  n ;  there¬ 
fore  we  have  AP.  .  PB  ;  because  PB=AB  in  this  case, 

and  because  PB^v/ipAP,  this  equation  will  become^— Tp=  (1+ZTfp) 
By  squaring  both  sides  of  this  equation  we  have  = 
(1  +2  .HTT)'*. — l)  xj,  or  its  equal  mpF,  which,  being  identical,  requires 
no  further  proof.  Again,  m  being  still  i,  or  a  right  angle,  let  n  corre¬ 
spond  to  60°  or  be  equal  -f,  therefore  AP .  mfp  =  AB  +  BP .  mil' ;  but  if 
angle  A=60°,  and  B=  a  right  angle,  AB  will  =  *-  AP,  and  PB^v/fl.AP; 


consequently  the  equation  becomes  mfp  —  (a  4-^^  .  _T jp  =) 


1  +s/=5 


2 


Cube  both  sides,  and  we  have 


1  =  +:V— 3; 


-9 - 3y/ — 3 


8 


=)->, 


an 


equation  of  identity. 

*Aiit.  4.  And  if  there  be  ever  so  many  points  in  a  plane  [Fig*  10], 
five  for  instance,  A,  E,  D,  C,  B,  let  B'  be  the  re- 
presentation  of  B  in  CD,  B "  the  representation  of  B 
in  ED,  and  lastly,  B'"  the  representation  of  B/7in 
AE,  the  representation  being  still  imaginary,  and  of 
the  last  character,  and  we  shall  have  (Art.  2)  B'"  the 
repiesentation  ot  B  in  AE,  and  consequently  AB"'=rAB.  }  two 

*  We  remind  the  Reader  that  there  are  no  places  for  the  points  B',  B",  B'",  their  situation 
being  imaginary, 

*C2 
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right  angles  being  denoted  by  unity  (or  2 +  8*  right  angles  being  denoted 
by  unity);  also  B'C=BC .  =HZBCB' ;  therefore  B'D=BC .  n)ZBCB'+ 
CD  j  therefore  DB'"  =  (B'D  .  niZB'DB"  =)  BC .  =TlZBCB'+z“'UB"  + 

CD.=7lZB'DB";  therefore  EB»=BC .  ^HZBCB'+ZB'DB"+CD  .  ^HZBW 
+ED ;  therefore  EB'"  or  EB'' .  ^nZB"EB"'  _  BC .  ^ZBCE'+ZB'DB''+ZB''EB"' 
+  CD .  ^T'zbdb +ZB  EB  +ED  . — ilZB  £B  ;  and  consequently  AB'"  or 
AB.=?zbae  =  AE  +  ed.=71zb"eb'"  +  CD  .  ^nZB"EB"'+Z0'DB"  + 

BC .  =71ZB''EB»+ZB'DB"+ZBCB'> 

Here  we  do  not  conceive  it  improper  to  observe,  that  the  imaginary 
representation  B'"  may  be  considered  as  an  analytical  representation  of 
the  point  B  with  regard  to  any  given  line  AE,  since  the  expression  of 
AB'"  not  only  points  out  distinctly  the  magnitude  of  AB,  or  the  dis¬ 
tance  the  point  B  is  from  A,  but  it  likewise  shews  the  direction  in  which 
it  lies  from  A;  for  AB"'  being  =  AB  .  ZI7!^BAB/,  it  consists  of  two  dis¬ 
tinct  parts,  of  which  one  is  the  magnitude  (AB),  and  the  other  the  angle 
(BAB'")  ;  but  what  seems  still  more  striking  in  this,  I  believe,  new  ex¬ 
pression,  is,  that  it  contains  every  possible  path  in  the  same  plane  by 
which  we  may  arrive  from  A  to  B  ;  thus  you  may  go  from  A  to  B  by 
first  going  from  A  to  E,  then  from  E  to  D,  then  from  D  to  C,  and, 
lastly,  from  C  to  B  ;  and  the  analytical  developement  of  the  expression 

for  AB",  namely  AB .  which  was  above  shewn  to  be  AE  + 

ED.=il^'Er  +  DC  .  ^^B”EB:"+^B'DB"  +  BC  .  zprEB"'+B'DB''+BCB' 
contains  that  very  fact.  The  first  term  denotes  the  distance  from  A  to 

E  in  the  right  line  AE ;  the  part  ED .  —  shews  that  D  is  at  the 

distance  ED  from  E,  and  in  the  direction  which  makes,  with  EB'",  the 

angle  B"EB'" ;  the  part  DC  .  z^)ZB''EB"'+ZB  I)B''  shews  that  C  lies  at  the 
distance  CD  from  D,  and  in  the  direction  which  makes  with  DB''  the 
angle  B'DB",  or  which  makes  with  EB'"  the  angle  equal  to  zB"EB'"-]- 
ZB'DB",  &c. 

Anxious  that  the  Reader  shall  perfectly  understand  the  meaning  of 
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what  I  have  just  asserted,  I  shall  propose,  for  a  particular  example,  that 
AB  is  equal  to  and  that  the  path  we  wish  to  take  in  arriving  from 
A  to  Bis  by  going  over  four  straight  lines  AE,  ED,  DC,  and  BC  ;  the 
angle  BAE  being  45°,  and  we  have  AB'"=AB  .  ^T\^BAE  =  y/% 

Now  I  observe  that  v/^x^*  may  be  shewn  to  be  developable  into 
the  expression  I+-K/2.— D*  +'-§■  .rzn*+*  +  or  its 

equal  1  +  2  . +  -f .  2 .  —  i for  we  have  shewn  that 


— rA  1  "by/ — 1 

-  v/I  ' 


and  because  —TV*  is  x— 1]^,  we 


1 4V— 1 

\/  2 


x  s/ —  1  ~ 


whence  the  asserted  equality  of 


and  1  +i\/2  +  i  •==Tli  +  i\/2  .^Tl*  is  evidently  true,  the  first 


being  equal  1+^/— 1,  and  the  second  -  1  +  — + 


r—i — 1 


■,  and  therefore  _  1  +y/ — i.  Hence,  in  virtue  of  the  theorem. 


we  have  AB  .  Ilfl*  =  AE  +  ED  .  ^7)*  +  DC  .  ITflm  +  BC .  :ZT|l+*+*, 
AB,  AE,  ED,  DC,  and  BC,  being  respectively  equal  to  y/g,  1,  -f^/g, 
4,  and  ;  and  the  angles  BAE,  DEB'",  CDB",  BCB'  being  each  X 
of  two  right  angles,  that  is,  45°;  and  the  truth  of  this  will  easily  appear 
by  common  geometry. 

And  in  a  similar  manner  deductions  may  be  made  from  every  one  of 
the  infinite  developements,  or  manners  of  expressing  but  I 

shall  only  add  another  example,  deduced  from  the  developement  of 
v'a  •  ^  into  the  form  3— v/5  .  =1)*+^*+*  +  ^ .  irnt+i+t  an  equa¬ 


lity  which  is  evident  inconsequence of-^Ti *being  =  1  +~~ih  ^{+}__— 

i  — n1+i+i_ — 1+*  _=Tti— I  '/“ 

ana  — 11 - U - and  1  sa^J  from  our  theorem,  tak¬ 
ing  AB  — 2,  AE=3,  DE=  D  C  =  1 ,  CB=v/i,  we  may  take  the 
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angles  BAB"',  B'^EB"',  B'DB"',  BCB'  each  equal 
to  45°  or  -i;  ancl  therefore,  in  Fig.  11,  we  may 
arrive  from  A  to  B  by  going  from  A  to  E,  from  E 
to  D,  from  D  to  C,  ancl  from  C  to  B,  the  angles 
BAE,  B'EB",  B"DB',  and  BCB'  being  each  45°, 
and  AB,  DE,  BC,  being  each  =vA,  AE=3,  and  DC  =  1;  and  the 
truth  of  this  is  quite  plain  from  common  geometry. 

Corollary : — In  this  representation  it  is  evident  that  [Fig.  12],  since 

if  BC,  CD,  be  continued  to  cut  AE,  the  angles  of 
intersection  of  those  lines  with  AE  will  be  re- 
'ji  spectively  BCB'  +  B'DB"  +  B"EB"',  and  B'DB"+ 
B"EB'".  The  equation,  by  corollary  to  Art.  2,  will 
B" '  stand  thus  ;  the  directional  magnitude  of  BA  = 
AE+  the  directional  magnitude  of  ED  +  the  di¬ 
rectional  magnitude  of  BC;  the  directional  magnitudes  being  all  taken 
with  respect  to  the  line  AE.  And  a  similar  theorem  will  exist  for  any 
number  of  lines. 

Art.  5.  Let  two  right  angles,  or  2  +  8w  right  angles,  be  still  denoted 
by  unity ;  let  also  the  two  right  lines  AP  and  AC  be  equal  to  each 
other,  and  their  magnitude  be  represented  by?-,-  let  angle  PAD  =n, 
angle  CAD  =mn,  and  the  angles  ADC,  ABP  be  each  right  angles  ;  then 
ADB,  DC,  and  PB,  being  right  lines,  by  the  definition  of  sines  and 
cosines  PB  is  the  sine  of  n,  AB  the  cosine  of  n,  CD  the  sine  of  nm ,  AD 

the  cosine  of  ?m,  all  to  the  radius  r ;  but,  by  Art.  3, 
AC .  -  AD+^DC,  and  AP.=H”  =  AB 

+— if  .PB  ;  that  is,  r  .  I^TT*71  =  cos.  of  — if 

.  sine  of  m.n ,  and  r ,  — 1}  =  cos.  of  n-\ — P5  .  sine  of 
and  consequently,  from  these  two,  we  get 


»  B 


n 


cos.ofm.7t-f— pL  sine  of  m.n  _  cos. of  n+ — I'f .  sine  of 


n 


I  consider 


it  my  duty  to  recommend  the  Reader  to  pay  particular  attention  to 
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this,  I  believe,  new  mode  of  arriving  at  this  very  beautiful  theorem  of 
Demoivre. 

The  theorem  r  .  — fv*  —  cos.  of  n  + — pL  sine  of  n  is  similar  to  that  on 
p.  139  Lecons  sur  le  Calcul  des  Fonctions,  & c.  published  in  the  year 
1806,  of  La  Grange,  though  derived  from  very  different  principles, 
except  that  there  one  right  angle  instead  of  two  is  denoted  by  unity, 
and  radius  is  here  denoted  by  unity. 

Corollary  1. — We  observe  that  Article  3  likewise  gives  (two  right 
angles,  &c.  being  denoted  by  unity)  PA .  Pp^APB  =  PB+^T]2 .  AB, 

that  is,  r .  ”  =  PBh — -if .  AB  ;  or,  dividing  by  r . 

PB 

=  =—pj|  +  AB=AB — —  d2  PB^cos.  of  n — — PDL  sine  of  n.  Hence  we 

observe,  that  the  two  equations  r  .  PIT  =  cos.  of  n+ —T5  sine  of  n,  and 
r .  '  —  cos.  of  n —  — i]2.  sine  of  n  take  place  at  the  same  time  ;  add 

them  together  and  divide  the  sum  by  2,  and  we  get  cos. of  n— 

\r,  (PTf  +  ^IP")  s  subtract  one  from  the  other,  and  divide  by  2vPPf, 
and  we  get  sine  of  n—r  .  - — — — — — .  I  mention,  by  the  bye,  that 

from  the  two  equations  AP  .  =  AB+Pp1 .  PB,  and  AP  .  I- IP"  = 

AB  —  — ll5.  PB,  by  multiplication  we  have  AP4  =  AB4  +  PB2.  It 
may  appear  singular  that  the  imaginary  projection  should  point  out 
so  simple  a  theorem  as  that  of  4 7  Euc.  1,  but  the  Reader  may  also 
observe  that  I  have  deduced  the  theory  of  this  projection  from  that 
theorem. 


Corollary  2.  —  Because  cos.of  .  (PTl” -1 - ll  ")  sine  of  ?i~ 


:nr-:zp-” 


we  have  tangent  of  n  =  1  •  s*ne 


L-Tf—  ZPP* 


cos.  of n  —  ]  }l.  (-— TP +P7]  ") 


w 
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“~ZZj]s  ( _ ]f"+i)  ’  anc^  reso^at^on  we  g'et  --l"P*5= 

1  +— -1  1*  .  tangent  of  n 
1 — ^Tl* .  tangent  of  n 

Corollary  3.— If  the  angle  PAB  be  extremely  small,  AB  may  be 
considered  not  to  differ  from  AP  in  magnitude ;  and  therefore,  if 

AP=1,  we  shall  have  the  equation  —  [P  =  l-t-I-fl*.  PB  ;  but  because 
angle  PAB  is  extremely  small,  PB  be  considered  the  same  as  the 
arc  of  a  circle  described  about  A,  with  the  radius  AP,  and  intercepted 
by  the  radii  AP,  AB,  and  consequently  if  c  be  the  semi-circumference 
of  the  circle,  we  have  PB=w.c,  two  right  angles  being  denoted  by 

unity;  therefore  we  have  •^*=1  .  nc-9  and  therefore  c  = 

—[)n — i 

— n  being  infinitely  small. 

Corollary  4. — If  n  be  infinitely  small,  it  is  well  known  that  the  hy- 
perbolical  logarithm  of  p  is  =:  - ;  consequently,  writing  — 1  in  the 

7Z 

room  of  p  in  Corollary  3,  we  have  c  =  Hence  if  *  be 

put  for  the  number  whose  hyperbolical  logarithm  is  1,  because  from 
the  last  equation  we  have  — - ll^.  c  =  hyp. log.  of  ( — 1),  we  have 
c.rp* 

£  = - 1. 

_ i 

Corollary  5. — Hence,  writing  £c  •  “b  instead  of  — 1  in  the  theorems  of 
Corollary  1,  we  get  (whatever  n  is,  the  circular  arc  corresponding  to  the 

Z  _ 

rad.  r}  and  the  Z  n  being  —z)  the  well  known  theorems  cos. ofz 


» 


f 
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|r.  (/  +£  r  );  and  sme  or  2= 


Art.  6. — No.  1.  Hence  if  there  be  a  given  equation,  a .  il  4- 
c  .  —ud  +  x .  = g ,  in  which  a ,  b,  c,  cl,  and  g,  are  given  real  quan¬ 

tities,  and  x  and  y  real,  we  have  the  means  of  determining  both  x  and 
sine  of  y.  For,  denoting  two  right  angles  by  unity,  we  have,  from 
Article  5,  —'ll6  =  cos. of  b  4-  — l.sine  of  b,  ^7lc  =  cos. of  c  +\/ — 1 

.sine  of  c,  and^Tly  =  cos.ofy+v/^i-si116  of  V »  consequently,  these 
values  being  put  in  the  proposed  equation,  we  obtain  n.cos.of  b  +  c  cos.  of 
d+ xcos.of  y  +  ( a  sine  of  b+c  sine  of  d+x  sine  of  y)=g ;  but  be¬ 

cause  all  the  letters  represent  real  values,  the  imaginary  pait  must 
vanish  of  itself;  consequently  we  get  a .  cos. of  b+c  cos.of  d+x  cos.of 
y—g-  and  cl  .  sine  of  b+c  .  sine  of  eZ+ x  sine  ot  y  0.  I  ut,  for  the  sake 
of  brevity,  g*— — u.  cos.of  b-—c  cos.of  cl~A,  and  ct .  sine  of  b  +  c.  sine  of 
fZ=B ;  therefore  we  have  x .  cos.of  yzzA,  and  x  sine  of  y— B  ;  theiefore 

f  B 

— or  (radius  being  unity )  tangent  of  y~—  7-,  and  y  -  angle 
cos.of  y  A 

whose  tangent  is - 7,  and.r=-: - 7~  —s/ A1 4*  IF.  Hence  we  see  that 

G  A  sme  ot  y 

our  equation  containing  two  unknown  quantities  x  and  y,  does,  of 
itself,  determine  x  and  the  sine  of  y  •  And  the  same  would  follow  it 
there  were  more  of  the  given  terms  ci,  — — &c*  iu  the  equation. 

No.  2.  If  a  and  c  were  the  unknown  values  in  the  equation 
a.—tf  +  c.^\d+x  =  g,  we  have,  by  multiplying  the  equation, 

a.  cos.of  b+c  cos.of  d+x.  cos.of y~g,  by  the  sine  of  b;  and  the 
equation  a  .  sine  of  b  +  c  sine  of  d+x  sine  of  */=0,  by  the  cos.of  b,  anil^ 
taking  the  difference  of  the  two  resulting  equations,  c  (cos.of  d.  sine 
of  b  —  sine  of  b .  cos.  of  cl )  +  ar(cos.of  y  .  sine  of  b  sine  or  y  .  cos.of  b) 
~g  sine  of  b ;  that  is,  c  sine  of  (b — d)  +  x  .  sine  of  ( b — y)  —g  .  sine  of  b ; 

*D 


+  \/—i  .sine  of  2,  cos.of  2  =■ 


1  r. 

2- 


>/=i 


•  G 


— i  —  iV— 1 


). 


4 


therefore  c  = 
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g .  sine  of  b — x .  sine  of  6— y 


sine  of  ( b — d) 


In  the  same  way  we  get 


a— 


g .  sine  of  d — x  .  sine  of  d- 


■y 


.  — -  .  .  .  /7 — rr :  and  it  is  not  difficult  to 

(sine  or  d — b,  or  its  equal) — sine  {b — d) 

see  how  to  proceed  if  any  five  of  the  seven  quantities  a,  bi  c,  d,  x,  y , 
and  g,  are  given. 

No.  3.  The  solution  of  these  sort  of  equations  may  be  obtained  dif¬ 
ferently;  for  I  observe,  if  the  equation  a  +  c .  —  .— Tp— g-, 

in  which  a,  b ,  c,  d,  x,  y,  and  g,  are  all  real,  can  exist,  the  equation 
a.-=A)-b  +  c.=^\-d+x.^r*  —g  is  likewise  true  ;  for  the  first  of  these, 
by  transposition,  will  stand  x  . — a  .  ~F16  —  c  .  —  F)d  ;  and  it  may 
be  written  x  .  iZTfp  —  g+a  .  HTfi5-1  -f  c.^— TV*-1  ;  hence,  from  what  has 

been  said  [Fig.  14],  if  the  right  lines  AB, 
BC,  CD,  AD,  be  respectively  equal  to 
g,  a,  and  c ;  and  if  AD  be  continued  to  cut 
the  right  line  BCF  in  E,  and  two  right 
angles  being  denoted  by  unity,  the  angle 
DCF  be  denoted  by  b — 1,  the  angle  AEF  by  d — 1,  then  will  the  angle 

ABF  be  represented  by  x;  for  we  have  AB.^TKabf  =  BC  +  DC 

.^T)ZCCF  +  AD.^ZAEF;  but  if  we  take  Barr  BA,  making  the  angle 
aBE,  on  the  contrary  side  of  BE,  in  magnitude  equal  to  ABE,  and  con¬ 
struct  the  figure  BCofa  in  every  way  similar  to  the  figure  BCDA,  except 
that  it  be  on  the  contrary  side  of  BC,  we  have  angle  aBC— — y,  angle 
dCEzz — b+  1,  the  angle  «EF= — d+  1 ;  and  therefore,  in  virtue  of  the 

/aBF  _ „  /dCE  /aEF 

equation,  «B.^T]  —  BC  +  F)  +  ar/.^Tl 


—y 


x 


-  V  J 

•-U  =g+a 


' 1—  b  1— J  .  _ b  —d 

«— li  +e .  z=  g — a.~\\ — c.— -h  ; 


and  therefore  a.—\)  +  c 


— d 


,—y 


T]  +*.— l]  =g-  Q.E.D.  And  a  similar  theorem  follows  when 
there  are  more  of  these  terms. 


i 


t 
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No.  4.  That  the  Reader  may  the  easier  perceive  the  use  of  this,  I 
shall  resume  the  case  of  Art.  2,  to  find  a  and  c  in  the  equation 

+c.  — T)  all  the  letters,  but  a  and  c  being  given; 

therefore,  since  by  No,  3  we  likewise  have  -fc.fTf)  y 

—f*  -1  observe  that,  multiplying  the  first  by  — fl  and  the  second  by 

1  .  #  d—b  y—b  — b 

—  11 ,  we  have  the  two  equations  =£\dl)  ,  and 

- —d+b  - - b 

a+  c — l!  +*.— 1|  —g — li  ;  consequently,  taking  the  difference 

of  the  two,  we  have  c.(^T)  HI]  ^  *)+*.(— if  5 — ITfl  *+b)  -g 

—b  b  i 

‘(—H  —  —l)  )  ;  divide  the  whole  by  2.— Tf,  and  we  have,  from  Cor.  1, 
a  4.  r  g- sine  of  b — *,sine  of  (b — y) 

Ait.  5,  c  =  — e of (6_  , - ,  exactly  the  same  as  in  No.  2  ; 

...  .  ' 
and  in  the  same  way  is  a  found. 

Scholium :  Before  I  proceed  I  shall  offer  some  observations,  to  ob¬ 
viate  what  may  appear  to  some  Readers  a  difficulty.  I  frequently  use 
the  expression  2  +  8®-  right  angles  being  denoted  by  unity,  w  being  either 
equal  to  0,  or  a  whole  number  positive  or  negative ;  and  for  that  pur¬ 
pose  I  shall  propose  for  consideration  the  particular  case  of  the  equation 

(radius  being  taken  unity  of  Cor.  1,  Art.  5)  =7 Tl”=  cos. of n+^tf sine 
of  n,  2  +  8tt  right  angles  being  denoted  by  unity,  wdien  n=- f,  and  we 

shall  have  — 1}  =  cos.of-f,  +— l]  sine  of -f .  Now,  i f  ~ 0,  or  two  right 

angles  be  denoted  by  unity,  then  will  -f  correspond  to  an  angle  of  — ^ 

,5 

degrees,  that  is,  to  36°,  and  then  the  interpretation  of  the  equation  will 


oe  —  if  —  cos. of  36°,  H — l)  .sine  of  36° ;  and  this,  in  fact,  contains  two 

of  the  imaginary  roots  of  TTfr.  be  taken  equal  to  unity,  then  will 

£  4-  S 

t  correspond  to  — -  right  angles,  that  is,  two  right  angles  ;  and  in 
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..  1  <  ^  jl 

that  case  —v’  will  come  out  = — 1 ;  and  this  is  the  real  root  of  . 

]  8 

If  be  taken  =  2,  then  will  £  correspond  to  —  right  angles  or  to  (4 — f-) 

o 


right  angles,  whose  sine  and  cosine  are  the  same  as  the  sine  and  cosine 
of — f-  of  a  right  angle,  or  of — 36°;  because  four  right  angles  corre¬ 
spond  to  a  whole  circumference  of  a  circle ;  and  this  falls  in  with  the 

first  case  of  the  interpretation  or  value  of  ^Tl5,  in  consequence  of  ^T) 
enveloping  a  double  sign  .  If  w  be  taken  equal  to  3,  then  ~  will  cor- 
Q6  . 

respond  to  — -  right  angles,  that  is,  it  will  correspond  to  a  whole  circum- 

5  —  — _ _ 

i 

ference  +180° — 36°;  and  in  this  case  —  TP  will  come  out  — cos.  of  36° 
_ A 

-f — ll  .sine  of  36°,  and  this  gives  the  two  other  imaginary  values  of 
^Tl5 ;  and  if  we  go  on  by  taking  »  any  other  whole  number,  we  shall 

only  get  one  or  other  of  these  five  values  of  —  l1*.  Moreover,  we  have 
just  seen  that  -  will  represent  an  angle  of  a  different  number  of  degrees, 
varying  with  the  value  of  n;  we  now  observe  that  the  same  number  of 
degrees  will  have  the  value  of  the  angle  expressed  differently  also,  as  v 
varies  ;  thus,  if  *•— 0,  an  angle  of  36°  will  be  expressed  by  -f ;  if  1  (or 
ten  right  angles  be  denoted  by  unity),  then  an  angle  of  36°  will  be  ex¬ 


pressed  by  — or  its  equal  — ;  but  if  the  angle  PAB  [Fig.  1 3]  corre- 

_ i 

sponds  to  36°,  we  shall  have,  according  to  the  first  of  these,  AB.^T)5  = 
AB  +  PB.:=Tf.  and,  according  to  thesecond,  AP.^T)'5  AB-f  PB.^T)  ; 

i  _  i 

and  therefore  it  might  seem  that  we  ought  to  infer,  that 

which  is  not  the  case  ;  the  fact  is,  that  five  of  the  twenty-five  roots  of 

^Ir5  are  the  same  as  the  five  roots  of  ZTpj  and  that  the  interpretations 
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i  ^  r  ( r  #  *  v  v 

of  ITIV  and  — according  to  the  method  in'  the  first  part  of  this  Scho- 

lium,  shews  under  what  circumstances  —TP  =— F)*a  is  true.  Many  ap¬ 
parent  difficulties,  in  my  opinion,  may  be  explained  by  the  introduction 
of  the  three  terms  entire  equality ,  conditional  equality ,  and  partial  equa¬ 
lity.  If  the  three  equations  2.(if+3)— 3#,  y — 5—1,  and  z2+6—7z  bepro- 
posed,  we  shall  find  x,  y,  and  z  each  =6,  and  that  x  and  y  can  only  be  6, 
but  that  z  may  also  be  1 ;  we  should  therefore  say,  that  x  and  y  are  en¬ 
tirely  equal  to  each  other,  but  that  ^and  z,  or  y  and  z,  are  only  partially 
equal  to  each  other.  By  conditional  equality  I  mean  that  which  would 
exist  under  certain  conditions  of  operation  only. 

Art.  7.  By  way  of  illustrating  the  utility,  and  to  prove  by  particu¬ 
lar  examples  the  truth  of  the  observation  in  Art.  4,  I  shall  propose 


Problem  I. — In theright lined figure ABCD  [Fig.  15], 
let  AB~4,  BCr=3,  and  DC=2  ;  also  let  the  angle  ABC 
•=z\  of  two  right  angles ,  that  «s45°,  and  angle  BCD=-f 
of  two  right  angles ;  it  is  required  to  find  AD  and  the 
angle  D. 

Produce  BC  to  A'1,  and  CD  to  A' ;  consequently,  two  right  angles 
being  denoted  by  unity,  the  angle  DCA"  will  be  equal  to  Let 
AD  =x,  and  the  angle  ADA7  —y — a ;  then,  from  what  is  observed  in 

Art.  4,  4.LTff  —  3  q-2.^— Ff  +#.H])  ;  therefore,  fromArt.  b,  No.  1,  if  A  be 
put  = — 3  +  4  cos. of  a — Scos.of  -§-}  that  is,  — 3  +  4  cos. of  45° — 2cos.ofb0°, 

that  is,  — — 4  +  2^5;  and  B= — 4  sine  of  ~  +  2  sine  of  a,  or — 2^/2 +  \/3, 

_ . 

we  shall  have  AD,  or  x — +  JB  += 2 •  \/z — ~4)a  +\Z3—2K/^)1\ ;  and 


y~  angle  whose  tangent  is  — 


B 

A’ 


from  which  take  \  of  two  right  angles 


and  there  remains  the  value  of  the  angle  ADA',  which  was  required. 
And  these  are  the  same  answers,  as  may  be  easily  found  by  dropping 
perpendiculars  from  A  and  D  on  BC  by  the  common  method. 


\ 


» 
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Problem  II.  Let  AB,  angle  B,  BC,  angle  C,  and  angle  D  be  given 
to  find  AD  and  CD. 

I  ut  Ah— a,  hQ  —  b,  CD—  a;,  AD=y,  angle  ABC=w,  angle  DCA^ =»??., 
and  angle  ADA'^p,  t\Vo  right  angles  being  denoted  by  unity;  conse¬ 
quently  the  equation  is  ;  and  consequently, 

by  Ait.  6,  Iso.  3,  also  a.— D  =b+x.— I]  ^ ;  multiply  the 

hist  by  ,  and  the  second  by  ^T|  ,  and  they  will  become  re¬ 
spectively  a. — l]  rr&.ZT]]  +£.—  ])  -F  y,  and  a.^T)  "  — 

_ _ _  n+p  _ p  ' 

b — il  +  av— T)  +y ;  hence,  taking  the  difference  of  the  two,  &c.  we 

w .  -  =3TT) 

=^-=1^  - (by 

a  e  ,s  0-sine  of  (m+p — n) — &.sine  of  (m+p) 

Art  5’  Co' 1 > - shTeolvr  - - -  •  And  *»  a  similar 


- n  . - sn — m  ,  _ m  _ — m 

— «.(m  —  )+&.(-!)  _ ) 


n—m 


way  we  ha vey— 


— «.sine  of  ?n— w  +  #.sine  of  m 


^  — =D 


~P 


sine  of  p 

•  *  ♦  k,. .  ,  •  / 

Problem  III.— Given  two  sides  [Fig.  16]  AB,  BC,  and  the  including 
angle  B  ;  to  find  the  angle  C  and  side  AC. 

Produce  BC  to  K ;  let  the  angle  ABC=rc,  two  right  angles  being  de¬ 
noted  by  unity,  and  the  angle  ACK~jp ,*  consequently 

(Art.  3)AB  ^D”-BC+AC.rif,  or  AC.ZIlf  =  AB.ZTif 
— BC  ;  and  therefore,  also  (Art.  6,  No.  3),  AC.'Zfi-P 

_ — n 

rrAB.Hi]  — BC.  Multiplying  these  two  together,  we 
have  AC  =  AB*  +  BC-AB.BC.(mV^lT);  because  =if  y-Tf'  is 


FI 


£ 


giS 


C  IL 
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equal  to  1,  and  also  ^7j  x— T)  —  1  ;  therefore  AC  = 

v///ABi  +  BC/— AB.BC.(^7|  +  ■— i]  ^  =  (by  Article  5,  Corollary  1) 
AB2+  BC2 — 2AB.BC.  cos.  (of  n  or  of  B) 

radius 

Again,  dividing  the  equation  AC.iZlf =AB.:^p“— BC  bv  AC.^~)~r= 

_P«  BC 

AB.m  — BC,  we  obtain  =p5p=— _A^.  therefore  m*  -  1  = 

:ri] 

AB 

-  ^d”+z^-"_£BC 

,and^  +  l= -  AB 


^li 


-»  BC 


— .  Divide  the  first  of  the 

— n  • 


AB  “  AB 

two  last  of  these  by  the  second,  multiplied  by  —  ll ,  and  we  have  tangent 


ofjt>  = 


n  — n 

—  2£C.  ;  that  is,  from  Cor.  1,  Art.  5,  tangent 


of  p  — 


=*<=*'*=i T'-^) 

sine  of  n 


cos.  of  n — 


BC* 

AB 


Corollary  1.  — ll  -f  HJ]  — 


*  -*  AB2  +  BC*  —  AC1 


,  or  putting  k  for 


AB.BC 

AB2  +  BC2 — AC2 *  .  a* 

- - >  — -l)  +~T|  —  k  ;  and  squaring  we  have  — f)  +  2-f- 


2» 


—  k2  j  therefore  — 2-f^Ti  —kz — 4,  and  therefore  ^T) — — D 

—y/i?— 4  ;  and  therefore,  because  ^-T|  +‘=T)  ”  =  k,  we  have  = 
k  -f-  y  kz — 4 


— n 


2 
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=  log.  of  (jk  +  s/~  1V1  — i-fc*),  and  ?i= 


Corollary  2.  n  logarithm  of  ( — 1)  =  logarithm  of/-  -f  \S-Ip _ ]\ 

4  ^ 

l=  log-  of  (i&-f  y/—  i.y/l^IfcO 
log.  of  (  1 )  * 

Corollary  3. — Putting  the  value  of  n  in  Cor.  2  will 

become  log.  of  pcx  (l  divided  by  the  log.  of  —  1;  and,  ,usin«; 

hyp.  logs.,  we  have  log.  of  (ifc  x  1  or  its  equal  log.  of  (ik)  +  log. 

of  (\+s/z~[.t)  =  log.  of  +  +  &c  __ 

2  3 

log.  Of  aft) + v/^ x  (t—1- + ~  &e.)  +  lr.i  + 1,  &c.  =v/in.^_i,+ 

- _  r~*  _ _ vfr 

\  t7,  t*  t* 

&c.),  barely  ;  because -  —  -  + 6~,  See.  =±  log.  of  (l+^)-ilog.  of 

—2 


_ o 


(l+4/c  — 1 )  — ^log.  of  (4 A:  )  = —  log.  of  —  ;  hence,  c  being  =  the  se¬ 
micircumference  of  a  circle  whose  radius  is  unity,*  since  we  shall  have  (by 

Cor.  4,  Art.  5)  log.  of  ( — 1  )=v/— i.c,  we  have  n—t — —  _j_  — ,  &c.,  di- 

3  5 

vided  by  c. 

Problem  IV. — Given  angle  B  (see  the  last  Fig.J,  the  sum  of  the  sides 
AB  and  BC,  and  the  opposite  side  AC  ;  to  find  the  angle  C. 

Two  right  angles  being  denoted  by  unity,  put  angle  ABC==^,  angle 
ACK=<7,  AB  +  BC=a,  AC —b  and  BC=a;,*  and  therefore,  because 

- P  _ ?  , _ p  . _ <t 

AB.  — d  — BC+AC. — l* ,  we  have  (a— =x  +  lj.— d,  and  x — 

— — f  7  _ ?  _ M 

a,7f\—h.^]  _  !Vo  ct.-\  1 


P 


.,  or  its  equal 


— iP  -~hp 

_ll  + 


h 

'  11 _ ,  and,  writing  — p  and 


i+^n 

q  lor  p  and  c/,  we  have,  in  virtue  of  Art.  6,  No.  3,  also  x: 
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— .—iP  ,  — —  1+iP 
a — i)  — 0. — i' 


— •!/>  —O  4-4 

- ~Yp - ;  and,  consequently,  we  have  —b/~i 

-if  +-^i)2 

— >—iP  7  — —i+lP  i  c  — i-iP  — r*i+lp  a  / hP 

z=.a.—])  — b. — j '  ;  therefore —0  — — ?  —  _ .  v^T1 


i-lP 


*——p\  X 

—  ^  a  ),  that  is,  dividing  by  2=Iif (from  Cor.  1,  Art.  5),  sine  of 
q—\p-  ^  sine  of  | p,  that  is,  the  sine  of  the  excess  of  the  angle  ACK 

.  ;  ;  ’  Jr.  '■  r  \\\  CpT  J-  \:;«W  \A  l,:  V’V.V  ^  <T'  1 

CL 

above  half  the  angle  ABC=  sine  ofl  angle  ABC  ;  whence  the  angle 

*  .H’-jji  :%r\  Wtvu  Y  v,  y" 

C  is  given,  &c. 


_  Xifjl  a 

Problem  V.— [Fig.  17].  In  the  right  line figure 


ABCD  given  AB,  BD,  AC,  DC,  BC,  tocalculate  AD. 

•  -*  u 

Put  AB=a,  BD=&,  CD=c,  AC—d,  B C — e,  angle  ABC=jo,  and 

angle  CBD=^;  put  also,  for  the  sake  of  brevity,  —a-  and 

ae  < 

hx -f el — & 


he 


—h,  and  we  have,  by  Prob.  3,  Art.  7,  and  its  corollary  1,  AD 


that  is, 


=  K/'a'+b'—ab  (n/+?+  *  V.  ^ 

2 

and  ^=i+.vCT.r^;  therefore  ^ 

V  -T^-)  gb—'/^—h'. s/l  —gi  (h  s/4— g'+g^l— h^.~/  ,  . . 

~ - -  i  dIlcb  . , 


by  Article  6,  No.  3,  also 


— p— P— i  __  gh — s/4 — hz  s/4 — g* 

4 
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;  hence,  by  addition,  because Zqf^  _Zp 


i-l 


=— =T>*  we  ha  -  j?  7«-y/4-/r.  y/4-g‘ 

_ 2 

above,  AD=  n/*  ^ + Z>* — ~ v^4  A2.y/4~-(^j 


;  whence,  from 


Problem  VI. — Pig.)  Given  AB  (=a),  angle  ABC  (=p, 
two  right  angles  being  denoted  by  unity),  BD  (=b),  angle  ACB  (— n), 

and  angle  BCD  (=m) ;  to  find  the  rest :  being  a  problem  very  usejul  in 
surveying ,  and  well  known. 

Call  the  angle  CBD,  x;  put  AC  —z  and  CD=y,*  whence  we  have, 


from  Art.  3,  B C .'-Z  i  j  —  #  -f  Zip  y  or  BC=&.ZTp  +  y  •' d  ;  and  there¬ 
fore,  by  Art.  6,  Cor.  3,  RC  also— +yZH\\  •  whence,  from  the  two, 


— X, 


■ — jy  — jY 

— - - —  •  Moreover,  because  the  supplement  of  the  angle 

-m  — ^ 

BDC=*+w,  and  the  supplement  of  the  angle  ACD  =  l—w — m,  two 

•  •  J  ‘  '  •  .1  ...  .  '  1  ;  .  i  1  ,  '  ,  1  ...  ji  f  »  .  ’  *“ 

right  angles  being  denoted  by  unity,  we  have,  by  Article  4, 

,  - *+m  - #  _ f>  m+x  x—n 

=  b  +  y.— 71  +  £•— J  ,  that  is,  a.ZTf)  =b+y.  —  {)  — z.Zp  - 

_ w  +  2*  m 

(by  substituting  for  y)  b+b.  -^Z1— — — \*~n,  that  is, 

.  ^  ~ —  Tl 

■m 

2.— 1|  ,  and  consequently  by  Article  6,  No.  3, 


b. 


«+2* 


—  I 


m  — 

=1)  -=T| 


_ — m — 2x  m 

p  — V  *■  — "v  “tmX  |  JT 

also  u.^D  =3  — - Hi - z.—i\  •  multiply  this  last  by 


_  — ih  m 

-=n  —  rn' 


1m — In 
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-  m — 2« 


SI 


srft  ,  and  it  becomes  a. 3  —3) 


m+2* — 2* 


t  I 


/' 
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_ *■-«—«  .  '  —  ,  «r  -  , 

-3)  ,  this  being  subtracted  from  the  equation  immediately  preced¬ 


ing  the  last,  gives  a.  (3f— -3"|2*  2 *  P) 


Oi- 


rki, 


2* 


=  6-^r8*-  =nT + vT-2"-  rrrf +2*-2“ 

■  Vf-VT"  ~ 

-<  a.nf.  cvf~  vT”)  wT-t^r2”  _,)  j|4  «.zTl-^x(m"- 

_ — <w  m  _g.„  - ”+P  ,  — 

31  )+^.3|  x(i — urn  >  }>=  -3  +  fc.3| 

— /j — y 


.  - 


1\  ”  T\  "  A  *  Y  •  /  '■  /* 

u  .—  i\ — — ll  .  -j  o  sine  of  n  c  —?x 

~zrm,  or  its  equal  - -*■ —  ;  therefore  31 


V)  +*.=!) 


;  consequently  ^T)  = 

IV 

—2  n—p  _ ,  m  .  S 

I 

'»*  -I  /  J 

;>  &  being  put  for 


.  'A 


CL  - - J71  - 3 

v-w 


a*sine  of  m 


”+P 


— VTf  - — p  7  sw - — » 

— 11  — — i)  — Ar.(3l. — 31  1  i  — , 

- — — -_p - -E-— — 1 — and  — 1‘  -j-i  = 

wit  noitiirrnhtfu, 

b^oji  (It  Djr/rn 

or  the  tangent 


m 


:  ft 

— m 


5.  J  l  J  i .  *  f 


'i£f. 


Uil 

\  r  f 


i  Im-Iho  vi ooi h  orb  i  ,\J  >ibd 


.  j'  .  ■  I ; 

.  ■ — lx 


—n—F  - 

3  +A.3 


;«/(q  w'oa 
:  ..]•//  bnx: 


- >”+P  — •»— p  . «  m 

— >  -3?  +&(•— P  +3  ) . 


lx 

whence — ~  ~1  u 


_ 2x  i 

(VI  +1).V| 


_ _ «+P  —n—P  m  _ _  .  - 

nf  r—  -n  — 31  — /c-(3p| — 31  )  _ sin.ofa+jP‘~&.sin.ofm 

«!  V”+f+  V-"-'’  +/t-(=Tl’”+V|_”)  J-.=rf  tos'of«+P+^cos.ofm 
hence  the  rest  is  easily  found- 

Problem  VIE— mTn  the  Jive  sided  right  lined  Jigure  [see  Fig.  10]  let 
AB,  AE,  ED,  DC  and  BC  he  given  respectively  equal  to  a,  b,  c,  d  and  e, 
and  suppose  the  angle  DEB  ' =  2.  angle  CDB",  and  the  angle  BAE=4. 
angle  B'DB",  it  is  required  to  Jind  the  rest . 

*E2 
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Put  angle  CDB"=;r,  and  the  angle  BCB '=y,  two  right  angles  being 
denoted  by  unity,  and  we  have  (by  Art.  4)  *-  6 + c.ITij  %. 3* 

+  £•— i]  )  or  e.HTl  = — b — c.^T]  —  d.-^\\  +a.-^7j  •  and  therefore 
by  Art.  6,  No.  3,  also  =^b~c.^~^--d^)~3x  +  a.^N)~*x ; 

hence,  multiplying  these  two  together,  we  have  e1=b2+ci+dt+at+d 

.(c— a).(^T)  +^T)  )  +c-(b — a)-(—i\  +-rTl  *)  +  db.(fiN\X  +  irff*) —  aJ, 

.(■—i)  +^D  ).  And  if  in  this  equation  we  put  iv  for  H7j  +-^T)  ,that 

is  for  twice  the  cosine  of  x,  we  shall  convert  it  into  a  biquadratic  equa¬ 
tion,  &c.  i  ~ 

Art.  8.  In  the  Introduction  (Art.  6)  there  is  proposed  a  question,  the 
equation  to  which  leads  to  imaginary  quantities  ;  and  in  Art.  7  of  the 
Introduction,  I  have  explained  what,  according  to  Monsieur  l’Abb£  Buee, 
those  imaginary  quantities  teach  :  I  have  there  ventured  to  express  my 
belief,  that  the  theory  offered  by  that  gentleman  will  not  hold,  and  I 
now  propose  to  shew  what  may  be  the  meaning  of  the  imaginary  roots, 
and  what  information  they  may  contain  ;  and,  to  answer  that  end,  I  shall 
invite  the  Reader’s  attention  to  the  solutions  I  give  to  the  following 
problems. 


Fiq,a  C' 

/A 

A  SB  e 


V  .  '  t  ,  ' '  fV  ■  ■  .  .  ("  " 

[Fig.  18.]  Problem  I. — The  right  line  NR  being 
given  in  magnitude  and  position,  to  find  the  point  C, 
such  that  AC*  =  b.BC,  b  being  a  given  magnitude 
less  than  4AB  ? 

Suppose  C  to  be  in  a  right  line  with  AB  continued,  put  AB=a  and 
BC=x,  and  we  have  in  consequence  and  therefore  a?  or  BC 

—\b — a  +  ^/ZNs/b.  a—i  b ,  and  AC  —%b-\-s/ — \.y/  b.a-—}b\,  and  these  are 

evidently  impossible  ;  the  thing  being  impossible  if  C  be  required  to  be  in 

« 
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thelineAB  continued.  But  if  we  take  BD  intheline  AB  continued a, 

and  CD'  perpendicular  to  AD  and  =  s/ b.a — then,  because  DC  is 

equal  to  b.a — ±b,  we  have  DC  =  DC' ;  and  consequently 

C  is  the  imaginary  representation  under  consideration  of  the  point  C', 
and  therefore,  denoting  the  angles  C'AD,  C'BD  by  A  and  B,  two  right 
angles  being  denoted  by  unity,  we  have,  from  Art  3  of  this  work,  BC= 

B  A. 

BC'.i— Tj  ,  and  AC=AC'.^n  ;  and  therefore,  because  AC4=&-BC,  we 
have  AC'1-— D  =£.BC'.^-T1  .  Moreover,  because  ¥>D—\b — a ,  and  C'D 


— b.a — ~b),  BC'  is  =a=AB,  and  therefore  angle  BAC'^angle  AC'B, 

2A  _ b  . 

and  therefore  2A=B  ;  whence  the  equation  AC'4.— D  =  £BC D  gives 
A.C'z—b.  BC; ;  and  therefore  the  imaginary  point  C  leads  to  the  discovery 
of  a  real  point  C'  having  the  proposed  property  ;  and  this  is  the  same 
point  as  the  Abb6  finds.  This  point  can  easily  be  shewn  by  common 
geometry  to  answer  ;  but  the  method  I  have  here  delivered  shews  the 
reason  of  the  deduction  from  the  imaginary  root,  which  reason  depends 

2  A.  _ _ B 

on  the  equality  between^Tl  and  — ll  . 


Problem  II. — It  is  required  to  find  the  point  D,  so  that  if  a  given 
line  AC  be  bisected  in  B,  ive  shall  have  AD  x  BD  x  DC =2AB3  ?  [Fig.  19  ] 


Solution: — If  D  he  assumed  in  a  right  line  _1_AC 
passing  through  B,  and  AB  =  BC  be  put  =za,  and 
DB=*,  we  shall  have  x.\/az- a* or  its 
equal  a:3  +  a4x=2a3j  consequently  x=a,  or  =  — 


a  +a 
2 "2 


that  is,  one  root  of  the  equation  gives  D  a  real  point  in  the 


lineBD  at  the  distance  a  from  B;  the  other  two  give  D  at  the  imaginary 
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distance  in  the  line  BD  from  B -—\a±-s/—7.  But  if  DB  be  produ- 

2  1 

ced  to  H,  making  BH -la,  and  HD'  be  drawn  JLBH,  and  equal  to 

-  then  because  DH  is  expressed  by  ^-<v/ — 7,  we  have  DH  =D/H.y/—iJ 

and  consequently  Dis  the  imaginary  representation  under  consideration  of 
the  point  D';  and  consequently  if  the  angle  DAD'=m,  angle  DBD'=rc, 
and  angle  DC D'=p,  two  right  angles  being  denoted  by  unity,  we  have, 

from  Art.  3,  AD=H7l  .AD',  BD=^?”.  BD',;and  DC=^j/.  D'C  ;  and 


consequently  because  AD.BD.DC=2AB3,  we  have  AD'.^TT^.BD'.^Tf 


.CD'-^^lf,  or  its  equal  AD'.BD'.CD'.^Tl  +  T/,  =  2ABS;  but  it  is  evi¬ 
dent  from  our  construction  that  the  tangent  to  radius  unity  of  the  an¬ 
gles  D'AI,  D'BH,  and  D'CI,  are  respectively  equal  to  ~y= — ,  and 

—JL — ,  and  therefore  the  tangent  of  (D'AI  +  D'CI)  and  conse- 

V  7 — 2 

quently  angle  D'BH  =  angle  D'AC+  angle  D'CI;  and  since  angle 
DAB  =  angle  DCB,  consequently  angle  DAB  +  angle  DCI  =  two 
right  angles  ;  whence  by  substitution  m+n+p  is  =  two  right  angles  + 
HBD  +  D/BD=4  right  angles  =2,  two  right  angles  having  been  denoted 


by  unity;  and  therefore  — 1)  1  ;  and  therefore  AD'.BD'. 

CD'=2AB3 ;  consequently  D'is  a  real  point  answering  the  conditions  of 
the  question,  and  is  a  point  found  from  arguing  on  the  imaginary  roots 
yielded  by  an  equation  derived  from  an  over-limited  presumption-  M. 
l’Abbe  Buee  would  have  arrived  at  the  same  point  from  his  theory,  had 
he  solved  this  problem  ;  but  there  are  other  questions  to  which  his  theo¬ 
ry  would  find  points  which  would  not  answer. 
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Ill  the  preceding  solutions  we  observed  that  the  equations  resulting 
from  considering  the  point  to  be  in  a  line  which  the  conditions  of  the 
question  do  not  admit  of,  give,  as  they  ought,  impossible  roots;  that 
is,  they  give  imaginary  points  for  the  solution;  but  these  imaginary 
points  were  shewn  to  be  imaginary  representations  of  real  points  ac¬ 
cording  to  the  functional  representation  under  consideration  of  real 

points  which  answer  the  conditions  of  the  question.  But  if  we 
propose  5 

Problem  III.— //*  the  right  line  ABC,  BC,  AC,  are 
given  in  magnitude,  and  the  point  D  is  required ,  that 


AD  x  BD — c.  DCs  c  being  given.  [Fig.  20.  ] 


^ut  a’  and  CD=*,  CD  being  perp.  to  A;  and  we  shall 

have  61+x‘xa1+iI-cV)  and  therefore,  puttin gs*  +  M=d;  we  have 

2  Z  ======-' 

«*+*■*=— «*i>,  and,  in  consequence,  +  .  or  bv 

2  4  5  *  * 

actual  extraction,  *=£.  l/lai—d + */$a£+d,  as  evidently  will 

appear  by  squaring  ,  consequently,  if  2 ah-\-d  be  affirmative,  this  be- 
comes  imaganary^Mahc  PC  (in  the  right  line  DC) 

ru  iOL_j.^2«4  +  rf  ;  then  will  the  imaginary  point  D  be  the  imagi¬ 
nary  representation  under  consideration  of  the  real  point  D ',  and  con- 

sequently  AD  =  AD' .  =ifDA°' ,  BD=BD'.^DBD',  and  DC=D'Cx 

/DCD' 

;  and  consequently,  because  ADxDB=c.DC,  we  have  AD' 
.BD'.^nZEAD+ZDBD'-ZDCD=c.DU  NoW)  if  ^ZiMD'+znow-zncn- 

were  equal  to  unity,  we  should  again  have  the  same  property  for  the  real 

f>  aTu  -  T>aS/1S  Possessed  by  thc  imaginary  point  D ;  and  the  theory  ofM. 

Abbe  Buee  would  teach  us  to  believe,  if  I  mistake  not  (for  he  has  not 
so  vet  t  us  pro  lem),  that  the  point  D/  would  answer  the  conditions  of 
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/DAD'+/DBD'— /DCD' 

the  problem  :  but,  in  consequence  of — Fl  not  being 

equal  to  unity,  but  equal  to - c  .-■■■■—*,  the  case  is  different} and 

a  4-  b  +  v  a  +  6f — Cz 

we  are  taught  that,  instead  of  finding  a  real  point  having  the  property 
proposed  by  the  question,  we  have  found  a  point  D'  (which  is  real)  such 
that  AD.BD'=  (a  +  b  +  y/a +TI1 11 * *—  c*) . CD' ;  so  that,  though  the  imaginary 
root  does  not  find  a  real  point  having  the  property  proposed,  it  finds  a 
point  whose  property  it  shews  ;  and  that  the  point  D'  has  that  proper¬ 
ty,  is  easily  proved  by  common  geometry. 

Art.  9* — Here  it  seems  proper  to  repeat  an  observation  in  Art.  7  of 
the  Introduction,  namely,  that  the  same  equation  may  result  from  va- 


*  Putting  p—±.\/2ab — d,  q-=.\*\/  2ab-Yd,  we  have  x=p+qy/ — l,  tangent  of  DAC — 
V~q^~Vy  tangent  of  tangent  of  D'AC=  tangent  of  D'BC=^ 


a+q 


and  tangent  of  DCP~ -  ;  hence,  by  Cor.  2,  Art.  5,  ^f\ 

P 


2/DAC 


a+pS —  1 — q 

-  - - ) 

a— p>S  —  1  +q 

__2/DBC  Jt^p/S—i — q  2/D  AC  ^  q-f  psj — l-fg — _2SD'BC__  l+p\S — 1-f?  ^ 

b — pV — 1  a — P^ — ^  P^  —  1+J 


2/PCD' p+q\/ —  l  _  pz — qz-\-2.pq  V' — 1 — \d-\-2pq\S —  I. 


P'+f 


ah 

2/DAD' 


consequently,  because 


__  ^ _ 2/DAC— 2/D'AC 


p—qV—l 

angle  DAD'=  angle  DAC—  angle  D'AC,  we  have  ^T\ 

I_,f  g*+£-£+sprSE\  _^r^+ewv-i,  and>  jn  t|ie  saine 

)z  a*  +  2aq  +  qz+p*  az+ab  +  2aq 

H7j  —  — 2  ■  p<*  y  — • ;  therefore,  by  multiplication,  =1)  =(az — 

11  —  bz+ab+2bq  J  v 

ld+2pq  */^i).(hz— $d+2pq'j'Z3)+ahJa  +  B+2q)*=h  by  reduction  and  restitution,^. (—irf 

2/DAD'+2/DBD'— 2/DCD' 

+  2pq  V— 1)4-  ab.(a+  b  +  2pq  ./—l)*;  whence-3D  =,as  above  said, 

cz~a+b-\-2qX>  that  is,  =ca-j-(a  +  5+  y/ a  +  £f— c2. 
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rious  questions,  and  I  remark  that  we  may  always  propose  a  geometri¬ 
cal  question,  such  that  the  impossible  roots  of  any  equation  «  +  **+«• 
+dx’.  Sec.  0  may  be  supposed  to  arise  from  having  represented  a  cer¬ 
tain  required  point  in  the  question  to  be  placed  in  a  right  line,  which 
is  mconsistent  with  the  conditions  ;  but  such  that  the  impossible  roots 
shall  be  indicative  of  imaginary  points,  significant  of  the  imaginary  re¬ 
presentation  of  real  points,  which  do  answer  the  conditions  of  the  ques¬ 
tion:  for  this  purpose,  let  the  impossible  root  .rbe  —p+q  \X—\  and  let  the 
equation  be  resolved  into  two  parts  at  pleasure,  and  let  it  stand,  when 
thus  resolved,  A  +  B*+<V&c.=A'+B*'+  CV&c.  Moreover  (which  isalways 
possible),  letA+Ba+C*-  &c.  be  resolved  into  the  form  M.x+e+c^=^r 

xx+e-'S=i f  xx  +f+/y=if.x+/-/^z:f r.  &c_*  anc|  ]et  the  part  A/+ 

B'.r+CV  &c„  be  resolved  into  the  form  M'.^T+7V=if' 

xx+e'-fS-ir  xx+f  xx+f'-jT^ crxl",  &c.,  and  the  equa¬ 
tion  will  become  + V-lV  x ,+^p^fr  x xT/+/^/~i)' x 

_ __  M' 

1  xi+i'+t1/ xi+ e'_e'v/i rfl''  xx+f+ 

xx+f-^V-O",  Sec.  Moreover,  as  a:  is  either  equal  to  p  +  7v/— ,  or 

let  these  be  respectively  substituted  for  a-  in  the  above  equa¬ 
tion,  and  there  will  result  the  two  following  equations,  ^7+^/=rfr 

xp  +  r-H-ev/— d  xp+f +  q  +//— lT xp  +/+  &c.  =  ^  x 

- - -  .  ,  - - —  ■  ^ _ ' _  M 

p  +  e'  +  q  +  es/-.  1)  xp  +  e  +  q—e'^Z—lT'  X  p+f'+lj~+^/^jY  x 

_ _  1 

pTF+^f v/-0',  Sec.;  and  p + 1  +~9v/=T>' x f,  &c._ 

*  ^  >  eifife»f't  &<"•>  being  independent  of  x. 
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—  X  p-t-e' + Xp  +  t-q  +  <V=dV',  See.  Multiply  the  left  hand 

M  '  7 

sides  of  these  two  equations  together,  and  likewise  multiply  the  right 
hand  sides  together,  and  there  will  result x/T+eP+fS)  * 

&c.  = j+’p"  xp+^*+9-  ?pr/  x  &c.  And  this  equation  is 

the  equation  that  would  result  from  the  following  unlimited  question. 

Let  [Fig.  21]  a  given  number  of  parallel  right  lines,  four  for  instance, 
AB,  CD,  EF,  GH,  &c.  be  bisected  in  I,  J,  K,  L,  &c.  by  the  right  line 
IL  perpendicular  to  them.  It  is  required  to  find  the  point  Z  in  the  same 
plane;  such  that  AZr  x  BZr  x  CZ*x  DZ1  shall  be  to  EZ’  x  FZ  x  GZ  x  HZ 
in  the  given  ratio  of  to  M,  the  points  A,  B,  C,  D,  E,  F,  G,  H,  Sec. 
being  given. 

Solution: — Put  AI— IB=e,  CJ— JD^L,  EK— KF 

=eV  and  GL=LH  also  in  LI  continued  take  10 

=e  and  let  OJ  =/,  OK=e'  and  OL  =/':  draw  OX  pa¬ 
rallel  to  AB,  and  ZX  cutting  OX  in  X  perpendicular 
thereto;  let  0X=?  and  Z X=p,  therefore  ZA= 

p ff?zf , ZB and  consequently, by  the  conditions 

of  the  question,  wehave(as  above  stated  )]TfeF  +7+^^  x  P+~^z + x  &c* 

— x  ^+?11  +  q+7\z\T>  x  p+7lz + q—^r  x&c.  And  this  is  the  general  equa- 

”  Ma 

tion  to  the  unlimited  problem  containing  two  unknown  quantities  p  and 
q  as  it  ought.  But  if,  in  solving  the  problem,  we  had  presumed  the 
point  in  the  right  line  passing  through  OL  at  Z'  and  02!  be  put  equal  to 
x  it  is  easy  to  see,  without  defacing  the  diagram  with  more  lines,  that 


M 

o 

A 

»  z 

/ / 

T  n// 
K_ U 

tr-T 
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we  should  have  had  the  equation  +  fT  x  f+J)1  +/V=-^j- 

xa"+7)  x x+j'?+f^ ,  and  this  will  be  the  same  as  the  equa- 

ti°n _ above,  namely,  a  +  bx+cx>  &c.  -  0.  Now,  suppose  x=P+q 

V—l  were  an  impossible  root  of  this  equation,  and  we  should  have,  at 

the  same  time,  p  +  qs/—  1+  el*  +  eAr  Xp  +  9v/HI  +/Y  +fzf x 
P  +  +  ?T + e'^  xp4-(?v/^T+/T  +/^T  and  p-q^/ IT+32+e^  x 

.  --  _ _ 

P  9.V — 1  +7^  +/2^  =  y|“  Xp — q\/ —  1  +  e'l  x  p— 7v/~- i  +/'f  -hf^l  . 

‘  .  _ 

Multiply  these  two  together,  the  left  hand  side  by  the  left  hand  side,  and 
the  right  hand  side  by  the  right  hand  side,  and  we  shall  have,  because,  in 

general,  p  +  q</^\  +  et  +  e1  =p  +  qs/~\  + 1  +  es/r—[  x ~p +  qy/~\  -f  e—es/—f, 

'  / 

that  is,  p+e+v/“i.(9  +  e)  xp+c  +  i/^I.^q— e)  i  and  p—qK/~i+^+e^= 

0 

p  +  e  +  y/—\. — q+e  Xp  +  e— v/—  \.{q-\  e)  ;  p+"d*  + j+.eflr  x  p  +  eV-f  <?1Z^pjrx 

'  '  I 


M 


p +7^  +  9  +7^*  xp+7? + fjf  *= jp  xpT^4+r?^r  xp+7)z+^?b)r/x 


P+f^+qTr^f'  And  consequently  it  appears,  that  though 

the  point  Z'  in  the  right  line  OL,  answering  the  conditions  of  the  pro¬ 
blem,  is  only  imaginary,  when  x=p+qy/ =7,  still  if  we  take  OM  in  LO 
continued,  ~p  and  MZJ.LO =q,  the  point  Z'  will  be  the  imaginary  re¬ 
presentation  of  the  point  Z,  and  will  be  a  solution  to  the  problem.  As 
an  example,  let  it  be  required  to  propose  a  problem  requiring  the  posi- 

*F  2 
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tion  of  a  point,  which  shall  be  soluble  in  a  particular  presumption  of  the 


position  of  a  right  line,  in  which  the  point  is  to  be  situate,  by  the  equa¬ 
tion  given  in  the  Solution  to  Problem  3,  Art-  8,  namely,  62+*2  xa2-j-xa 
=cV,  the  roots  of  which  are  all  impossible  when  c  is  less  than  b+a ; 
the  problem  being  required  to  be  such,  that  those  impossible  roots  shall 
be  expressive  of  the  imaginary  points  in  the  said  assumed  right  line, 
which  are  the  imaginary  representations  of  real  points  answering  the 
conditions  of  the  problem. 

Solution: — Theequationmaybewritten*-f  6y/— 1  xx- bv~\  xi+V- *  x 

* — a\/ — i  =cV ;  and  consequently,  comparing  this  with  the  resolved 


form  of  the  equation  preceding,  we  have  e—o,  e-b,J=-o,f=a,  r—  1, 


/  / 


M 


EK=KF— o,  10=0,  OJ=o,  andOK=0;  and  the  required  problem  may 


be  this  [Fig.  22].  In  the  right  line  AB,  AI  being  =IB  =  Z>,  IC=ID=«, 
z  it  is  required  to  find  the  point  Z,  such  that  ZA  x  ZB  xZC 

r~w  t\  ^  t  i  ■»  •  -«  ■»  •  i 


xZD=c*.ZI*.  Now  let  the  point  be  presumed  in  the  per- 


B  pendicular  to  AB  which  passes  through  I,  and  let  lZ=x, 


and  we  shall  have  62 + xz.a2 + *2 =czxL,  andx^s/c'—b^aT+is/b+af — ca  v'—  1 ; 
consequently,  if  c  be  less  than  b+a,  Z  is  an  imaginary  point.  In  IZ 

take  IP=|>V/ c 2 — b  —a)%  and  take  PZ'_j_IP  and  —^\/ b  +  a'\z — cz,  and  Z  will 
be  the  imaginary  representation  of  the  real  point  Z',  which  has  the  re¬ 
quired  property  ;  and  that  the  point  has  that  property,  may  be  easily 
proved  from  common  principles. 
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Art.  10. — General  Scholium. 

In  what  I  have  done  hitherto  in  this  book  by  way  of  illustration  of  the 
geneial  theorem  of  functional  projections,  I  have  imagined  to  be  pos¬ 
sible  that  which  is  really  not  so,  and  I  have  used  fractional  powers  of 
—  I,  as  if  they  had  real  existence  in  arithmetic.  If  the  reader  of  this  book 
has  perused  the  first  book,  I  flatter  myself  he  will  not  be  shocked  by  this 
mode  of  analysis ;  but,  as  it  is  my  wish  to  keep  this  book  distinct  from 
that,  I  shall  endeavour  to  explain  the  real  arithmetical  propriety,  and 
object,  of  what  is  here  delivered,  from  the  principles  of  functional  pro¬ 
jections  themselves  ;  and,  for  this  purpose,  I  shall  offer  the  observation, 
that  if  ladius  be  repiesented  by  unity,  that  cos.  of  m  +  .y/f — l.sineofm-f  A.? 
X  cos.  w  +  y/ f— l.sine  of  wrrcos.  of  m  +  n -f  s/^X .sine  +  B ;  in  which  B 

will  not  contain  any  negative  power  off,  if  A  does  not ;  that  is  to  say, 
provided  we  do  not  develope  the  expressions  by  means  of  series.  It  is 
also  proper  to  add,  that  I  use  the  term  direct  representation  in  a  line  of 
a  point  out  of  it,  for  the  projection  of  the  point  in  the  line,  according 
to  the  character  of  projection  used.  By  the  term  indirect  representat¬ 
ion,  I  mean  the  projection  of  this  projection  into  another  line  ;  and 
this  I  call  the  first  indirect  representation  or  projection  :  and,  if  this  be 
again  projected  into  another  line,  I  call  the  third  projection  the’second  in- 
irect  projection.  The  advantage  we  have  derived  from  the  imaginary 
projection  arises  from  the  fact,  that,  if  the  thing  were  possible,  The  di¬ 
rect  and  indirect  representation  in  a  line  of  a  point  out  of  it  would  coin¬ 
cide. 

No.  2.  I  am  now  prepared  to  consider  a  functional  representation 
which  is  not  imaginary,  whose  character  is,  that,  if  G"  [Fig  23]  be  the 
direct  representation  in  the  line  PAP'  of  the  point  G  out  of  it,  and 
GM  be  perpendicular  to  PAP',  cutting  it  in  M,  we  have  MG'  T 

•MCj  ;  and  lf  AG  be  joined,  we  shall  have  AG'=AG  (cos.  of  GAM  + 
v/ *—1.  sine  of  GAM).  Now,  suppose  in  the  right  lines  A<r,  As' 


V 
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&c.  g  be  the  direct  representation  of  G,  g  the  direct  representation  of 
g,  that  is  the  first  indirect  representation  of  G  ;  g"  the  direct  represen¬ 
tation  of  g',  that  is  the  second  indirect  representation  of  G,  &c.,  all 
of  the  same  character  as  that  just  mentioned,  we  shall  have,  hy  the  ge¬ 
neral  theorem,  Ag=AG  x  (cos.  of  GAg+v/j— l.sine  of  GAg'),  Ag=Ag 
x(cos.  of  gAg  +>/?— l.sine  of  gAg),  &c.  ;  hence,  hy  continuing  the 
series  of  these  equations,  and  keeping  in  view  the  observation  offered  in 
this  article,  we  see  that,  if  G'  in  the  right  line  PAP'  be  one  of  the  se¬ 
ries  of  indirect  representation  of  G, 
we  shall  have  AG'— AG.  (cos.  of 
GAG'+v^e— T-sine  of  GAG'+B.*); 
in  which  B  is  a  finite  function 
which  does  not  contain  (without 


G 

/r  / 1 

/*}  FI  (j  2.3 

k\  X 

/  /S' 

-  ,  1_ l 

NM 


G"  Q'  J? 

developement  in  series)  a  negative  power  of  ? ;  but,  G"  being  the  direct 
representation  of  the  same  character,  we  have,  as  already  stated,  AG' 
=AG.(cos.  of  GAG'+v^e— l*sine  °f  GAG7);  therefore  G"G',  which  is 
the  distance  between  the  indirect  representations  in  AP'  of  G,  and  the 
direct  representation  thereof,  is  =AG.B.s  (B  being  independent  of  AG) 
that  is,  an  expression  of  which  every  term  is  concerned  with  e. 

No.  3. — Keeping  to  the  same  character  of  representation,  suppose 
[Fig.  23]  the  angles  PA p,  pAp',  p'Ap1',  & c.,  all  equal  to  each  other 
and  equal  to  q ,  and  that  two  right  angles  be  denoted  by  unity,  and  P, 
p ,  p",  & c-  up  to  P'  be  the  representations  of  P,  p,  p ,  &c.  in  Ap,  A p't 
A p",  &c.  ;  put  also  fjt,  =  cos.  of  q  +  s/%—\  •  sine  of  q ,  consequently  Ap 
=AP,(a,  Ap'—Ap.^—AV.^\  Ap"-AV.  (x3,  & c- ;  and,  if  1  be  a  whole 


number,  which  I  shall  suppose  it  to  be,  we  have  AP'=AP  x  ^  •  But, 
according  to  the  character  of  representation  here  used,  P  is  the  direct 
representation  of  itself  in  the  line  PP';  and  therefore,  from  Js  o.  2  of 
this  article,  PP'=AP.B.? ;  an  expression  in  which  every  term  is  con¬ 
cerned  with  ?,  B  being  independent  of  AP;  therefore  AP.B.?  =  APx 


1  X 

(1  +^y);  and  therefore  i* — 1 
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No.  4-— Again,  suppose  the  angle  GAG'  divided  into  a  certain  whole 
number  of  equal  parts  GAg,  gAg',  &c.  =q,  that  the  angle  GAG'^jo, 
and  that  o*,  g ,  g  ,  & c-,  G'  are  respectively  the  direct  representations  of 
G,  #  g  &c.  in  Ag,  A g,  A g",  &c. ;  also  that  G"  is  the  direct  representa¬ 
tion  of  G  in  AP';  and  we  have,  by  No-  2,  G"G'=AG.R.  If  R  be  put 
for  a  Certain  function  (discoverable  if  necessary  from  what  is  laid  down 
in  No.  2)  of  ?,  of  which  every  term  is  independent  of  AG,  but  con- 

p 

cerned  with?,  we  also  have  AG'^AG.^and  AG'=AM  +  v/~i.GM; 

p 

consequently  AG.^  ,  or  its  equal,  from  substituting  far  the  value  of 

M.9  found  above,  AG.B.?-lf=AM  +  GM  v'FT+AG.R.  If  e  be  taken 
equal  to  o,  R  will  =o,  and  we  shall  have  the  imaginary  theorem  AG 

=AM+GMv/— l,  as  given  by  the  imaginary  projection  ;  but,  whe- 
thei  we  use  the  one  or  the  other  of  these  two  theorems,  the  operation 
must  be  equally  legitimate  in  any  research ;  as  ?,  being  arbitrary,  must 
vanish  after  the  operation. 

In  AP  between  A  and  M  take  a  point  N*  and  join  GN,  put  angle 
GNM— n,  and  we  have,  in  a  similar  manner  to  what  is  above  shewn, 

n 

GN.B.j  l]  —  NM+GM.y/g— 1  +  a  function  of  which  every  term  is  mul¬ 
tiplied  by  ?,  n  being  supposed  a  multiple  ofy;  hence,  from  the  two,  we 

get  AG.Blp — i)  =AN  +  NG.B.§- -ll  -{-a  function  of  which  every  term  is 
multiplied  by  ? ;  and  thus  we  may  go  on  to  other  cases. 

No.  5 — If  q  be  supposed  infinitely  small,  and  c  -  3-1416,  we  have 


_  _ x 

1  +  v/ ^—1  >qc  and  /x  —  1  f— Tl '<qc\  —  1  +  ?  \  in  virtue  of  q 

x 

q 

being  infinitely  small ;  but  l  +q)  will  then  be  the  number  whose  hyper- 


J  V'  e— 1 
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bolical  logarithm  is  1  ;  put  it  =c,  and  we  have  ^  =(  Vt~lh  and  conse- 

p 

quently,  in  virtue  of  the  equation  AG.ftf  =  AG  (cos.  of  GAM+^^l 
.sine  of  GAM  +  R),  immediately  deducible  from  one  given  above,  we 
have,  if  z  be  put  equal  to  the  arc  corresponding  to  angle  GAG'  to  radius 


unity,  £  =  cos.  of  z+^/?— l.  sine  of  z  +  a  function  of  which  every 

term  is  multiplied  by 


r 


Rote. — It  is  proper  to  caution  some  of  my  Readers,  that  though  is  equal  to  UTi/ 
.  n 

raised  to  the  -  power;  still,  for  instance,  if  p  were  taken  equal  to  2,  it  would  not  be  proper 

*  ...  •  •  .  "V  •  -  '  •  '  f  v  -  • 

to  take  lj  for  — ll  ,  as  the  two  are  not  identical,  inasmuch  as  the  former  contains  roots 
which  the  latter  does  not :  and  the  same  observation  is  applicable  to  other  values  of  p.  And, 

moreover,  it  is  to  be  noticed  that,  although  — 1|  and  — ll  contain  exactly  the  same  ra¬ 
dicals,  still,  in  a  formula  containing  the  two  expressions,  it  would  be  improper  to  use  the  one 
for  the  other;  for,  from  what  I  have  shewn  above,  we  know  how  to  find  the  roots  of 

- - - - — n 

— I1  and  of — l)  by  considering  unity  to  represent  2 -fSw  right  angles,  w  being  any  whole 
number  at  pleasure ;  and  we  see  that  for  one  and  the  same  whole  number,  taken  for  ir,  we 

-  n  __  —  ft 

have  different  values  for  ll  and  — -ll 
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Page  10,line  6from bottom,  for  DP  read  BP.  Page  12,  line  5  from  bottom,  for  a. PQ  — ) 
read  a.PQ)=:.  Page  14,  lineS,  insert  a  comma  before  the  second  AG.  Page  19, 
line  2  from  bottom,  insert  and  before  sine.  Page  20,  line  6,  insert  may  after  PB. 
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